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Abstract. Human decision-making interprets the world through high-
level concepts, such as recognizing a bird by its belly color. To bridge
the gap between opaque deep learning representations and human under-
standing, Post-Hoc Concept Bottleneck Models (post-hoc CBMs) project
latent features onto interpretable concept spaces using auxiliary datasets
or vision-language models. However, relying on target task accuracy as
the primary measure of post-hoc CBM success obscures whether the
learned concepts are semantically meaningful or merely predictive arti-
facts. For example, random concept projections can achieve competitive
accuracy despite being semantically meaningless. In this work, we analyze
the learned projections directly and identify two failure cases: First, for
concept projections learned from auxiliary data, covariate shifts can lead
to unfaithful concept representations for the target task. In particular,
we provide an upper bound on the error introduced by this shift. Second,
systematic label noise in surrogate concept labels generated by vision-
language models leads to unfaithful projections. After formalizing these
failure modes, we introduce novel metrics that decouple concept faith-
fulness from predictive accuracy. Our empirical results across real-world
and synthetic benchmarks confirm that these metrics identify unfaithful
behaviors that standard accuracy-based evaluation fails to detect4.
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1 Introduction

Human understanding is fundamentally built on concepts [5, 16, 42]. Rather than
analyzing raw sensory data, we identify objects through high-level attributes, such
as recognizing a specific bird species by its “yellow belly” or “black crown.” In con-
trast, deep neural networks learn opaque, high-dimensional representations that
often lack semantic clarity [6,29,33]. To bridge this gap and enforce interpretability,
Concept Bottleneck Models (CBMs) were introduced [1,2,10,15,26,29,41,61,62].
⋆ Work done while the author was at Computer Vision Group Jena.
4 Project page: https://posthoc-cbm-faithfulness.github.io/
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Fig. 1: In the post-hoc CBM setup [44,57, 64], inputs are mapped to activations using
some frozen backbone model f . Then, a learned concept projection πθ extracts concepts
before a final classifier h predicts a class based on these concepts. Unfortunately, concept
labels in the downstream task domain are often unavailable. Thus, 1○ auxiliary concept
sets (e.g., Broden [6]) or 2○ surrogate VLM labels are used [44, 57,64]. We study these
approaches and identify two reasons for potential unfaithfulness of πθ: 1○ a covariate
shift of the concept set, and 2○ systematic surrogate label errors.

CBMs constrain the model to first predict a set of human-understandable con-
cepts from the input, and then base the final prediction solely on them, thereby
promising transparent decision-making [23,36,38].

However, standard CBMs require dense concept annotations for the specific
downstream task, which are rarely available in practice [13, 29, 44]. Post-Hoc
Concept Bottleneck Models (post-hoc CBMs) circumvent this by freezing a
pretrained feature extractor and learning only a lightweight projection from
its internal representations to a concept space and final classifier [44, 57, 64]
(we use post-hoc CBM to denote this general model class and PCBM for the
concrete implementation in [64]). Crucially, post-hoc CBMs tackle the need for
in-domain concept labels via two strategies: (1) Auxiliary Concept Datasets,
where the projection is learned on a separate, richly annotated dataset (e.g.,
Broden [6]) before application to the target task [64]; or (2) Surrogate Labels from
VLMs, where a Vision-Language Model (e.g., CLIP [49]) generates surrogate
concept labels [44,45,51,57]. Both drastically reduce the annotation burden while
maintaining competitive downstream classification accuracy [44,64].

Unfortunately, evaluating downstream accuracy provides limited insight into
the quality of the learned concept projection. Prior work empirically shows that
random concepts achieve high performance [40]. In [37], this phenomenon is
connected to the Johnson-Lindenstrauss (JL) lemma [24], with the expected error
approaching zero as random projections increase [57]. We expand these insights
via the smooth manifold JL lemma [4], based on previous findings that neural
activations tend to lie on low-dimensional manifolds [3, 48]. We show that under
certain assumptions, the original activations can be reconstructed from a modest
number of random projections, resulting in high downstream performance.

Consequently, we must investigate the concept projection itself to evaluate
whether it faithfully extracts the intended concepts on the target distribution.
Here, we analyze the two primary post-hoc CBM training mechanisms (Figure 1).
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First, for auxiliary concept datasets, we identify covariate shift as the primary
source of unfaithfulness. We demonstrate that even if a concept’s semantic
definition is identical across domains, a geometric shift in the feature space can
invalidate the learned projection on the downstream task. We formalize this by
providing an upper bound for the error introduced by this shift based on [7] and
propose an approximation of it as a practical measure of faithfulness. Second,
for methods using VLM-based surrogate labels, the primary problem is label
noise. However, our analysis shows that unfaithfulness is not solely caused by
noise magnitude, but by systematic errors. In other words, random mistakes can
cancel each other out, but the surrogate labeling function leads to unfaithfulness
when mistakes are consistent, e.g., always predicting “sky” and “clouds” together.
To detect this, we measure the surrogate-label error and propose a metric that
explicitly quantifies the corresponding systematicity.

We empirically validate our theoretical findings on standard benchmarks
(CUB-200 [63] and CIFAR-10/100 [30]) and the synthetic Elements [43] dataset,
which provides known ground-truth concepts. Our evaluation includes a range of
post-hoc CBMs across standard backbones representing the two main training
paradigms: those using auxiliary datasets [64] (e.g., Broden [6]) and those using
surrogate labels generated by VLMs (LFCBM [44] and VLG-CBM [57] based on
CLIP [49], DINOv3 [55] and Grounding DINO [34]). We first show that random
concept projections can achieve competitive accuracy, confirming that downstream
accuracy is an insufficient metric for meaningful representations. Then, we directly
evaluate the learned concept projections using available ground truth [43], apply
our proposed faithfulness metrics, and demonstrate that they successfully identify
failures caused by covariate shifts and systematic errors, offering a practical tool
for evaluating post-hoc CBMs beyond predictive performance.

Our contributions can be summarized as follows:

1. We show that under certain assumptions, random concept projections can
achieve competitive performance.

2. We identify and formalize two critical sources of unfaithfulness in the concept
projections of post-hoc CBMs: covariate shifts when learning with auxiliary
concept sets and systematic label noise in surrogate supervision.

3. We propose a set of novel faithfulness metrics that evaluate concept alignment
independently of the predictive performance, revealing specific failure cases.

2 Related Work

Post-hoc CBM evaluations are complicated by information leakage [18, 36, 38, 53,
59], where models bypass semantic concepts to base predictions on raw backbone
activations. Notably, [53] links this phenomenon to the Johnson-Lindenstrauss
lemma [24], showing that sufficient random projections preserve pairwise distances
for finite sets. We note that the manifold Johnson-Lindenstrauss lemma [4]
implies this holds for the complete activation manifold under the manifold
hypothesis [3, 48]. Related to this, [57] studies the expected error of random
projections for final predictions. Based on these findings, we emphasize the need
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to evaluate learned concept projections directly. Crucially, the faithfulness issues
we identify persist even in the absence of information leakage.

Other works similarly study CBM and post-hoc CBM limitations [13, 22,
35, 50] and concept faithfulness [31, 32]. While [31] analyzes the faithfulness
of unsupervised concept explanations, it explicitly excludes post-hoc CBMs
(our focus). For surrogate labels, [32] highlights flaws in GPT-3-derived concept
sets [9] for label-free CBMs [44]. We generalize this by providing an alternative
mechanism to analyze surrogate-label errors in VLM-based post-hoc CBMs.
In concept embedding models [13], the concept bottleneck is constructed from
two learned embeddings per concept to address the accuracy-interpretability
trade-off. In contrast to our evaluation metrics, [22] studies CBM faithfulness
by matching input regions to concepts. Finally, [50] empirically observes issues
caused by distribution shifts in concept datasets. We provide an upper bound on
the risk of post-hoc CBMs trained on auxiliary data, approximating the resulting
generalization error. In contrast, [35] bounds the CBM risk on downstream tasks
using the underlying backbone.

3 Method

We consider a standard deep learning setting where a fixed backbone f : X →
A ⊆ Rd maps inputs to a high-dimensional latent activation space. While a
classifier g : A → Y trained on top of f may achieve high performance, its
decision-making process within the high-dimensional space A remains opaque.
Post-Hoc Concept Bottleneck Models (Post-Hoc CBMs) [44, 57, 64] aim to make
this process interpretable by introducing an intermediate concept bottleneck
while holding f fixed. Specifically, they learn a concept projection πθ : A → C,
parameterized by θ, that maps activations to a K-dimensional space C ⊆ RK

of human-understandable concepts (typically K ≪ d). A subsequent classifier
h : C → Y (e.g., a sparse linear layer) predicts target classes based on these
concept scores, yielding the final model h ◦ πθ ◦ f . To construct the bottleneck
layer, we initially assume access to a training set Xtask = {xi, ci}Ni=1 sampled i.i.d.
from a task distribution Ptask(X , C) over inputs and concept vectors, allowing us
to optimize θ to recover these task-relevant concepts.

Definition 1. We define a concept projection πθ as faithful if it minimizes the
expected risk over the true task distribution Ptask(x, c):

argmin
θ

E(x,c)∼Ptask
[L(πθ(f(x)), c)] , (1)

for some loss function L measuring the alignment of the predicted concepts
πθ(f(x)) and the ground truth concepts c for an input x.

In this work, we study the post-hoc concept bottleneck framework from
this perspective of concept faithfulness, i.e., whether πθ extracts meaningful
concepts after Definition 1. A faithful projection ensures πθ(f(x)) = EPtask

[c | x],
recovering the intended concepts in expectation. Note that our formalization of
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faithfulness differs from similar notions in information leakage, e.g., [37,38,53],
and aligns more closely with the informal version in [13].

First, we confirm that evaluating the predictive performance of h is insufficient
to assess the faithfulness of the post-hoc CBM in Section 3.1. After establishing
that downstream accuracy does not imply a faithful concept projection, we
formalize the learning problem of πθ in Section 3.2 to derive direct faithfulness
measures. We identify two primary sources of unfaithfulness: (1) covariate shifts
from auxiliary training datasets, which we quantify via an upper bound on the
generalization error; and (2) systematic label noise from VLM-generated surrogate
concept labels. For surrogate labels, we show that unfaithfulness requires non-
random error structures rather than magnitude alone, and derive a metric to
explicitly quantify this systematicity.

3.1 Downstream Performance and Faithfulness

To demonstrate that high post-hoc CBM performance does not imply semantic
alignment, we study random projections πθ without semantic meaning, e.g.,
independently sampled standard-normal coefficients in a linear layer. Previous
work empirically shows that PCBMs [40] using such πθ can achieve high down-
stream performance. In [37], the authors note that such projections are geometry-
preserving with high probability for finite sets of samples under the Johnson-
Lindenstrauss (JL) lemma [24] if the embedding dimension K is large enough.
In other words, the complete backbone information is encoded into the concept
activation, which is related to the area of information leakage [18,37,38,53].

Here, we first link this to the manifold hypothesis, then derive a concrete
mechanism to achieve high downstream performance under additional assump-
tions. In particular, consider the manifold hypothesis of deep learning [3, 48],
i.e., that the activations in neural networks lie on or close to a manifold with
an intrinsic dimension of m ≪ d. If this hypothesis holds, then the manifold
version of the JL lemma (Theorem 3.1 in [4]) governs the behavior under random
projections. Crucially, it establishes a connection between certain characteristics
of this activation manifold and the number of random projections needed to
preserve pairwise distances. We make this explicit in Appendix A.1. Nevertheless,
if geometry is preserved, the original activations can be recovered [4]. Thus, for a
sufficiently complex classifier h (e.g., an MLP [21]) it is possible to learn g ◦ π−1

θ .
In such a case, the meaningless concepts by the random πθ would be used to
recover the original activations, leading to high downstream performance. To
make this argument more explicit, we next derive a concrete solution for h under
an additional linearity assumption.

Constructive Proof for a Linear Activation Subspace. While the discussion under
the manifold hypothesis posits a possible solution for h, we now derive a con-
structive solution under the assumption that the activation manifold is a linear
subspace of Rd. Our concrete assumptions are:

(1) Linear Subspace: The activations lie on an m-dimensional subspace S ⊂ Rd

with orthonormal basis U , such that f(x) = a = Uz for some latent z ∈ Rm.
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(2) Linear Backbone: The backbone classifier g is linear prior to a softmax,
i.e., g(a) = softmax(Wga). This reflects the standard post-hoc CBM setup of
inserting the concept bottleneck at the penultimate layer, e.g., [29, 50,64].

(3) Random Projection: The projection is defined as πθ(a) = σ(Pa), where
P ∈ RK×d is a fixed Gaussian matrix (K ≥ m) and σ is bijective (e.g., tanh).

Under these assumptions, we can construct a classifier h that exactly recovers
the original prediction g(f(x)):

h(c) := g(arec(c)) = softmax(Wg · [ U(PU)†σ−1(c)︸ ︷︷ ︸
Reconstructed a∈A

]), (2)

where arec : C → S reconstructs the activations a = arec(πθ(a)) and † denotes the
Moore-Penrose pseudoinverse [47]. We provide the full derivation in Appendix A.2.

Consequences. Under the discussed assumptions, h does not need to learn
a decision based on semantic concepts. Instead, a degenerate solution is to
reconstruct the original activations a before applying g. This aligns with [57],
who demonstrated that random concept projections achieve zero expected error
as the concept dimension K approaches the activation dimension d.

Our analysis adds to this result in two aspects: First, under the manifold
hypothesis (m ≪ d) [3, 48], the manifold JL lemma [4] implies that K need not
approach d to enable recovery. Second, beyond bounding the expected error [57],
our constructive derivation under additional linearity assumption using [47]
demonstrates that exact, sample-wise reconstruction may be possible.

Consequently, if h is optimized rather than fixed, downstream accuracy
becomes a poor proxy for concept faithfulness after Definition 1. This necessitates
a direct analysis of the learned projection πθ, which we formalize next.

3.2 Faithfulness of the Learned Concept Projection

Assuming access to a training set Xtask = {xi, ci}Ni=1 for πθ sampled i.i.d. from
the task distribution Ptask, we minimize the expected risk Jtask(θ;L):

Jtask(θ;L) = E(x,c)∼Ptask
[L(πθ(f(x)), c)] (3)

≈ 1

N

N∑
i=1

L(πθ(f(xi)), ci). (4)

To interpret this optimization as a Maximum Likelihood Estimation (MLE), we
assume that the projection πθ defines the parameters of a conditional distribution
pθ(· | f(x)) over the concept space. The empirical risk minimization becomes
equivalent to MLE if the loss function L matches the negative log-likelihood of
observing the true concept c under this model distribution [8, 17]:

L(πθ(f(x)), c) = − log pθ(c | f(x)) + const. (5)
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Consequently, the learned projection πθ represents the optimal estimator for
the concept scores distributed according to Ptask(x, c) = Ptask(x)Ptask(c|x). It
minimizes Equation (3) and is, therefore, faithful according to Definition 1.

In practice, we identify two key problems that violate this theoretically
optimal scenario: First, the dataset used to learn the concept projection may
differ from the task we are interested in solving, e.g., [28,52,64]. Intuitively, using
an auxiliary concept dataset rather than a task-relevant Xtask leads to covariate
shift, i.e., Paux(x) ̸= Ptask(x). Second, to address this, prior work aims to assign
task-relevant labels to in-domain training data, leading to surrogate labels c̃ with
Ptask(c̃|x) ̸= Ptask(c|x), e.g., [44,57]. Both scenarios are distributional mismatches
(infracting Definition 1) while fitting πθ, which we will detail next.

Covariate Shift of Concept Datasets. Training the projection πθ requires
access to a training set annotated with ground-truth concepts. Because these
are rarely available for the downstream task data Xtask, we typically train πθ by
minimizing the empirical risk on a smaller auxiliary dataset Xaux (e.g., Broden [6])
sampled from a distribution Paux [28, 64].

However, this introduces the risk of distribution shift (Ptask ̸= Paux). Intu-
itively, images of a concept may appear visually different in Xaux than in Xtask,
degrading the faithfulness of the learned concept projection after Definition 1. In
particular, the optimization objective in Equation (3) changes to minimizing a
corresponding Jaux. To quantify this effect, we utilize an upper bound for the
target generalization error from domain adaptation theory (Theorem 2 in [7]):

Jtask(θ;L1) ≤ Jaux(θ;L1) +
1

2
d̂H∆H(Xtask,Xaux) +Ω(dimVC,N,δ) + λideal. (6)

Here, the expected L1 (absolute) task risk Jtask(θ;L1) is bounded by the expected
auxiliary risk Jaux(θ;L1) plus the scaled empirical H∆H-divergence d̂H∆H [7,27]
between the marginal distributions. The term Ω accounts for finite sample
estimation and depends on the VC dimension dimVC, sample size N (assuming
|Xaux| ≈ |Xtask|), and the desired confidence level δ. λideal represents the task’s
adaptability (the combined error of the optimal hypothesis on both distributions).

In concept probing, we assume this shift is primarily a Covariate Shift [54,58],
meaning the semantic definition of the concept Paux(c|x) = Ptask(c|x) remains con-
stant while the input marginals Paux(x) ̸= Ptask(x) change. Under this assumption,
there exists a single optimal decision rule shared across distributions, rendering
λideal negligible (full formal definitions and derivations in Appendix A.3).

Consequences. When training on in-domain data is infeasible, we can estimate
the faithfulness of πθ after Definition 1 on a given auxiliary dataset via this upper
bound (Equation (6)). Assuming a fixed πθ architecture and equal dataset sizes
(rendering Ω constant), and with λideal negligible, the empirical divergence d̂H∆H
becomes the decisive metric for unfaithfulness. Following [7], we approximate
d̂H∆H by training a domain discriminator to separate Xaux and Xtask. Intuitively,
if a simple classifier can distinguish the auxiliary and task data, we expect a
larger absolute task error Jtask(θ;L1), violating Definition 1.
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Faithfulness of Surrogate Label Functions. To avoid potential covariate
shifts and the resulting generalization penalty created by training the projection
πθ on a separate auxiliary dataset, it would be ideal to train πθ directly on
the in-domain data Xtask sampled from Ptask using an oracle concept function
c∗ : X → C with ∀(x, c) ∈ Xtask : c∗(x) = c. However, because these ground-truth
annotations are commonly unavailable in post-hoc settings, we must rely on a
surrogate labeling function c̃ : X → C (e.g., derived from VLMs [44,51,57]; see
Appendix A.4 for examples) to identify the concepts.

Consequently, the optimization objective shifts to minimizing the empirical
risk with respect to the surrogate labels:

J̃task(θ;L) = Ex∼Ptask
[L (πθ(f(x)), c̃(x))] . (7)

The bottleneck’s faithfulness thus depends on whether the parameters θ̃ optimized
for the surrogate c̃ also minimize the true risk with respect to c∗.

Theoretical Analysis. We analyze this condition by formulating πθ as a Multi-
variate Generalized Linear Model (GLM) [14, 39]. We assume the conditional
distribution of the concepts belongs to the Multivariate Exponential Disper-
sion Family (EDF) [25, 39], which encompasses standard loss settings such as
Mean Squared Error (Gaussian) and Cross-Entropy (Bernoulli/Multinomial). In
Appendix A.5, we derive the gradient of the true objective J∗

task(θ;L) at the
surrogate optimum θ̃. For canonical link functions, this gradient is proportional
to the outer product (⊗) of the surrogate error and backbone activations f(x):

∇J∗
task(θ̃;L)=EPtask

[
∇L(πθ̃(f(x)), c

∗(x))
]
∝EPtask

[
(c̃(x)−c∗(x))︸ ︷︷ ︸

Surrogate Error δ(x)

⊗f(x)
]
.

(8)

For a faithful post-hoc CBM (i.e., θ̃ is a global minimum of the objective, see
Definition 1), this gradient must be zero. This reveals two distinct mechanisms
for faithfulness of πθ trained to emulate the surrogate label function c̃:

(1) Surrogate Accuracy: The surrogate labels have to be accurate, i.e., c̃(x) ≈
c∗(x), causing the surrogate error term δ(x) = c̃(x)− c∗(x) to vanish.

(2) Error Orthogonality: Further, Equation (8) implies that a model can
remain faithful even with noisy surrogate labels if the surrogate error is
orthogonal to the activation space in expectation. This requires the errors in
the surrogate labels to be uncorrelated with the activations f(x).

Geometric Interpretation. Figure 2 visualizes the orthogonality condition. We con-
sider N training samples yielding activation vectors αj = [fj(x1), . . . ,fj(xN )]⊤ for
backbone neuron j, and surrogate discrepancy vectors ∆k = [δk(x1), . . . ,δk(xN )]⊤

for concept k. Equation (8) shows that faithfulness does not strictly require per-
fect labels (∆k = 0). Instead, it is sufficient if the errors ∆k are orthogonal to the
activations αj (⟨∆k,αj⟩ ≈ 0). In other words, random, unsystematic annotation
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Fig. 2: Visualization of the error orthogonality condition in a 2D sample space. The axes
represent two samples r and s from the training set of πθ. (a) A faithful model is learned
if the surrogate label errors of these samples (∆k) are orthogonal to their activations
(αj), resulting in a zero projection. (b) Non-orthogonal errors have a non-zero projection
onto the feature vector, resulting in a non-zero gradient for the true objective.

noise in the surrogate labels can cancel out during training. However, systematic
errors (such as a VLM consistently predicting the concept “Boat” whenever it
detects a “Water” texture, even if no boat is present), create non-orthogonal error
components. This results in a non-zero gradient for the true objective, causing
the learned πθ̃ to diverge from the ground-truth semantics, violating Definition 1.

Consequences. We therefore propose two metrics to evaluate the faithfulness of
surrogate-based post-hoc CBMs. First, Surrogate Accuracy directly measures the
raw discrepancy δ(x). Second, we evaluate the Alignment of Surrogate Errors
and Activations using the absolute Pearson correlation [46] ρk,j = |corr(∆k,αj)|.
A correlation of ρ ≈ 0 indicates orthogonal noise. Conversely, if |ρ| is large
and significant (e.g., p < 0.05), the surrogate noise is systematically tied to the
backbone features. Thus, a post-hoc CBM is unfaithful only if surrogate labels
are inaccurate and those errors systematically correlate with backbone features.

4 Experiments

To validate our theoretical findings, we evaluate the faithfulness of concept pro-
jections πθ trained using various post-hoc CBM methods. First, we demonstrate
that downstream performance is insufficient to assess concept bottleneck lay-
ers by studying random concept projections. Next, we analyze the learned πθ

directly, leveraging a synthetic dataset with ground-truth concept information.
This allows us to measure the concept accuracy and the geometric alignment of
the concept bottleneck approaches. Using an optimal ground-truth classifier for
the downstream task, we can align these results with downstream performance.
Finally, we evaluate our two theoretically identified sources of reduced faithfulness:
concept-set covariate shift and systematic surrogate labeling errors.

4.1 Experiment Setup

Datasets and Backbone Models. We validate our theoretical findings on standard
real-world benchmarks: CUB-200 [63] using a ResNet18 backbone [19, 60] and
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(a) Example of Ptask (b) Example of P∀
near (c) Example of P∃

near
(d) Example of POOD

Fig. 3: Samples of the concept “striped” for each visual set used. In Figure 3a, there
is exactly one object with the concept. Figure 3b shows a sample from the backbone
domain where all objects share the concept. Figure 3c shows a sample from the training
domain and Figure 3d shows a complete out-of-domain example.

CIFAR-10/100 [30] using CLIP ResNet-50 (RN50) [11] as backbone. Additionally,
we consider the synthetic Elements dataset [43], which includes ground-truth
concept annotations.

Elements samples consist of objects defined by three latent attributes: shape,
color, and texture (e.g., “red striped square”). To create a realistic shift between
backbone pretraining and downstream application, we train the backbone f to
identify these objects in a multi-object classification task following [43], whereas
the downstream post-hoc CBM task involves classifying images containing only
a single object. In all experiments, the backbone f remains frozen.

Probing Datasets for Concept Learning. For standard PCBMs [64], we train
the concept projection πθ on different auxiliary distributions, while keeping the
semantic concept definitions fixed (visualized in Figure 3):

– In-Domain: We train πθ using samples from the exact downstream distribu-
tion Ptask. For Elements, this corresponds to single-object images exhibiting
the specific concept (e.g., all images containing “red”).

– Near-Domain: Concepts are sampled from a distribution that is distinct
from, but visually similar to Ptask. For Elements, we consider P ∀

near with
multiple objects per image that all share concepts including the target, and
P ∃
near, where at least one object exhibits the target concept.

– Out-of-Distribution: Concepts are learned from a visually distinct dis-
tribution POOD (e.g., abstract patterns) that share the concept label but
differ structurally from the downstream task. This represents the domain gap
common in post-hoc analysis (e.g., datasets like Broden [6]).

Post-Hoc Concept Bottleneck Models (Post-Hoc CBMs). In our experiments, we
train post-hoc CBMs with two strategies: training πθ on an auxiliary concept
dataset and using a VLM to generate surrogate concept labels. Specifically, we
utilize a VLM (CLIP [49] and DINOv3 [55], each with a ViT-B/16 [12]) as
the backbone f and learn πθ using the text embedding for each concept [64].
Additionally, we consider Label-Free CBMs (LFCBMs) [44], where surrogate
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Fig. 4: High downstream accuracy does not imply faithfulness. The dashed line shows
the classifier’s performance without a bottleneck layer. The downstream classification
accuracy of a post-hoc CBM increases with the number of random concept vectors. Ad-
ditionally, various post-hoc CBMs that use meaningful concept sources only marginally
outperform random concepts. Hence, downstream performance does not indicate faithful
concept representations, which aligns with our theoretical findings in Section 3.1.

concept labels for Ptask are generated by computing the similarity between the
CLIP-representation [49] of the input image and the text embeddings for the
considered concepts. Further, we evaluate Vision-Language-Guided CBMs (VLG-
CBMs) [57], which use the open-vocabulary object detector Grounding DINO [34]
to generate binary surrogate concept labels for Ptask for each concept based on the
predicted presence of concepts in the image [57]. For all post-hoc CBM variants,
the bottleneck size K is determined by the number of concepts derived from the
concept source (we consider Broden [6], ConceptNet 5.5 [56], and GPT-3 [9]).

4.2 The Illusion of Classifier Accuracy

Setup. To validate that downstream accuracy is an insufficient metric for concept
bottleneck quality (Section 3.1), we follow a similar setup to [40] and build post-
hoc CBMs using frozen, standard-normal random projections πθ of increasing
dimension K. For comparison, we train post-hoc CBMs using dominant paradigms
from the literature: (1) Auxiliary concept datasets [64], e.g., Broden [6], and
(2) VLM surrogate labeling [44,57] using either the same concepts as in (1) or
external sources (ConceptNet 5.5 [56] or GPT 3.5 [9]). In all cases, the downstream
classifier h is trained after freezing πθ (see Appendix B.1 for additional details).

Results. Figure 4 demonstrates that for CIFAR-100 [30] (other datasets in
Appendix B.2, increasing the bottleneck dimension K of random projections
decreases activation reconstruction error and closes the downstream accuracy gap
to a fully supervised, bottleneck-free backbone. Notably, the post-hoc CBMs [44,
57, 64] trained on common concept sources [6, 9, 56] achieve similar performance
to random projections of equal size K. This confirms that high downstream
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Table 1: Faithfulness vs. Performance. Comparison of post-hoc CBM variants with
respect to the ground truth concept labels and direction on the Elements dataset [43].
OOD data degrades faithfulness significantly more than accuracy suggests. Each metric
is averaged over the K concepts. To demonstrate faithfulness under error orthogonality,
we also train πθ on ground-truth concept labels while adding 25% random noise.

Concept Projection πθ Downstream Classifier

Method
Dataset/
Label sim∢ [↑] Acc. Paux [↑] Acc. Ptask [↑] Acc. h [↑] Acc. h∗ [↑]

(1) Training on Auxiliary Distributions (Oracle Labels)

PCBM [64]

Ptask 0.96±0.01 1.00±0.00 1.00±0.00 1.00±0.00 1.00±0.00

P ∀
near 0.97±0.01 1.00±0.00 0.70±0.02 1.00±0.00 0.99±0.01

P ∃
near 0.57±0.02 0.82±0.02 0.89±0.01 1.00±0.00 0.85±0.04

POOD 0.47±0.01 0.98±0.01 0.77±0.01 1.00±0.00 0.21±0.05

(2) Surrogate Concept Labels (Training Dist.: Ptask)

LFCBM [44]
25% Label Noise 0.02±0.03 0.75±0.01 0.98±0.02 1.00±0.00 0.98±0.03
CLIP [49] 0.05±0.02 0.79±0.01 0.56±0.02 0.99±0.00 0.54±0.04
DINOv3 [55] 0.05±0.01 0.85±0.01 0.58±0.02 1.00±0.00 0.78±0.05

VLG-CBM [57] G–DINO [34] 0.02±0.02 0.74±0.01 0.85±0.01 1.00±0.01 0.04±0.01

accuracy is insufficient evidence for a meaningful bottleneck, requiring a direct
concept projection analysis instead.

4.3 Quantifying Misalignment and Concept Projection Performance

Setup. Having shown that downstream accuracy is deceptive, we now directly
measure the faithfulness of πθ. We evaluate post-hoc CBMs trained on four
auxiliary distributions (Ptask, P ∀

near, P ∃
near, POOD; Figure 3), alongside VLM-

surrogate models: LFCBM [44] (using CLIP [49] and DINOv3 [55]) and VLG-
CBM [57] (using Grounding DINO [34]). We calculate the concept accuracy of πθ

on both its training (Paux) and downstream (Ptask) distributions, and geometric
faithfulness via the cosine similarity between learned concept vectors vk and
target ground-truth directions v∗k: sim∢ = (vk · v∗k)/(∥vk∥∥v∗k∥) (Appendix B.3).
To further determine if h masks identified unfaithfulness, we compare its accuracy
against an oracle classifier h∗ that uses the optimal rule for mapping ground-truth
concepts to classes (cf. independent bottleneck strategy [29]). Though related to
information leakage (see Section 2), faithfulness is complementary. Unfaithfulness
can occur without leakage and vice versa (analyzed in Appendix B.4).

Results. Table 1 summarizes the results for the Elements dataset [43], where we
have access to ground-truth concept labels. We split our analysis into the two
primary post-hoc CBM setups: (1) training on auxiliary datasets [64] and (2)
using in-domain surrogate concept labels [44,57].

For (1), all models achieve high accuracy on Paux, but POOD in particular
yields unfaithful target representations, as indicated by the concept accuracy
and the geometric alignment sim∢. Crucially, the learned h masks these failures
with high downstream accuracy. In contrast, the oracle h∗ demonstrates the
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Fig. 5: Visualization of the estimated H∆H-divergence as a proxy for the upper bound
of the task domain error. We pairwise compare the four probing datasets for the
synthetic Elements downstream task [43], highlighting the actual downstream task in
our setup. Note that the colormaps in (a) and (b) use different scales. We find that
stronger covariate shifts lead to increased unfaithfulness, whereas lower divergence (i.e.,
in-domain concept sets) yields improved πθ.

unfaithfulness. In particular, the model trained on POOD drops to 21% accuracy,
consistent with the expected impact of a severe shift in concept representation.

For (2), LFCBMs [44] with noisy ground-truth labels (25% random noise)
predict target concepts accurately. This matches our expectation from Section 3.2
that unsystematic label errors average out during the training of πθ. In con-
trast, LFCBMs [44] trained with CLIP [49] and DINOv3 [55] surrogate labels,
achieve poor performance in the target distribution, though DINOv3 improves
marginally upon CLIP. These observations are confirmed by the learned classifiers
h, which show near-perfect accuracy for all settings. However, the oracle h∗ can
again confirm the underlying unfaithfulness. VLG-CBMs [57] using Grounding
DINO [34] exacerbate this: h perfectly solves the task, but h∗ beats random
guessing (1/36 ≈ 0.028) only marginally. To explain the representation failures
demonstrated in this experiment, we next investigate our theoretically derived
sources of unfaithful concept projections πθ (Section 3.2).

4.4 Measuring the Impact of Covariate Shift

Setup. To evaluate the impact of covariate shifts when training πθ on an auxiliary
dataset, we estimate the d̂H∆H-divergence [7, 27] between source and target
domains, which serves as an upper bound to the generalization error (Section 3.2).
Following [7], we approximate it by training a modified Huber loss discrimina-
tor [65] on the backbone activations to separate the distributions, computing
d̂H∆H ≈ 2(1 − 2ϵ) based on the discriminator’s classification error ϵ. We then
compare these estimates against the actual generalization errors of πθ.
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Fig. 6: Systematic vs. Unsystematic Surrogate Errors. Unfaithful projections occur when
surrogate errors are both large (|∆|k) and highly correlated (|ρ|k) with activations αj .
(a) Surrogates from Grounding DINO [34] exhibit systematic, correlated errors, causing
unfaithful projections. (b) Random unsystematic label noise produces no correlation. If
the VLM perfectly predicts a concept (|∆|k = 0), correlation is undefined (†).

Results. As shown in Figure 5 (with additional details and results in Ap-
pendix B.5), empirical divergences align closely with actual πθ generalization
errors. The out-of-distribution domain POOD consistently yields the highest
divergences and generalization errors. Conversely, matched source and target
domains (on the diagonal) yield near-zero empirical divergences, confirming the
high PCBM [64] performance observed in Table 1 (slightly negative values occur
if the discriminator’s accuracy falls marginally below 0.5). Among mismatched
domains, P ∃

near and P ∀
near show the lowest divergence, reflecting the latter being

a subdistribution of the former. Overall, we find a strong correlation (> 0.9)
between the estimated d̂H∆H and actual generalization errors, demonstrating
that d̂H∆H is an effective proxy for the unfaithfulness introduced by a covariate
shift of the auxiliary concept set. This is highly practical because it can be
estimated entirely without ground-truth concept labels for the downstream task.

4.5 Measuring Systematic Surrogate Label Errors

Setup. Following Section 3.2, we analyze the faithfulness of post-hoc CBMs
trained with surrogate labels based on the surrogate error ∆k for concept k using
two metrics: (1) error magnitude (mean absolute error), and (2) error orthog-
onality (absolute Pearson correlation [46] |ρk,j | between surrogate label errors
and backbone activations αj). Because calculating ∆k requires ground truth
concepts, we evaluate on the Elements dataset [43]. We compare surrogate labels
generated with Grounding DINO [34,57] against a baseline with unsystematic
label noise obtained by randomly flipping a portion of the ground-truth concept
labels (see Appendix B.6 for CLIP [49], DINOv3 [55], and CUB-200 [63]).
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Results. Figure 6a shows these correlations alongside per-concept summary statis-
tics |ρ|k and |∆|k (calculated as the absolute average over per-activation scores,
using a Holm-Bonferroni correction [20] at p = 0.05 to determine significance). As
established in Equation (8), optimizing πθ yields unfaithful representations when
both values are large. Unlike the random-noise baseline, where the correlations
effectively vanish, VLM surrogate errors are clearly systematic and correlated
with specific activations. Qualitatively, we find that Grounding DINO [34] strug-
gles to positively detect these concepts, which we attribute to the domain shift
between its natural-image pretraining and our synthetic setup (geometric shapes
on white backgrounds). Because the VLM label noise is non-random, training on
it can cause πθ to learn unfaithful projections (see (2) in Table 1).

While faithfulness is preserved for concepts that are labeled perfectly by
the VLM (e.g., “Triangle” and “Blue” for Grounding DINO [34]), achieving
purely random, uncorrelated surrogate errors may be difficult in many real-
world scenarios. Since we identify systematic surrogate label errors as a source
of unfaithfulness, correlation can be used to rank imperfect surrogate labeling
functions by the severity of this failure mode. For Ptask, the average ρ across
concepts is lowest for Grounding DINO [34] (0.142), followed by CLIP [49] (0.152)
and DINOv3 [55] (0.155), making Grounding DINO the preferred surrogate
labeling function under this criterion.

5 Conclusions

While post-hoc CBMs promise transparent decision-making, current evaluations
often conflate predictive performance with conceptual alignment. As our theoret-
ical analysis based on [4] shows, even non-semantic random projections achieve
competitive accuracy. Consequently, downstream task performance is an uninfor-
mative metric for concept bottleneck quality, requiring the direct inspection of
the concept projection πθ. Doing so reveals two primary sources of unfaithfulness
in standard post-hoc CBM training. First, relying on auxiliary datasets may
introduce a covariate shift that can invalidate learned concepts in the target
domain. Based on [7], we provide an upper bound on the generalization error and
a practical metric to measure it. Second, we demonstrate that systematic label
errors introduced by VLM surrogate supervision lead to unfaithfulness. By formal-
izing these issues and validating them across real-world and synthetic benchmarks,
we establish an evaluation framework for post-hoc CBM unfaithfulness.

These insights open several avenues for future research. Our formalization of
distribution shifts suggests the need for explicit domain adaptation techniques
within the post-hoc CBM framework to align feature spaces, rather than just
labels. Furthermore, the presence of systematic VLM label noise requires the
development of de-biasing mechanisms that disentangle correlated errors during
surrogate supervision. Ultimately, we provide the theoretical and practical tools
necessary to investigate learned concept projections.
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