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Abstract. Linear probing on frozen features is the standard evalua-
tion protocol for vision foundation models, yet classical theory for d-
dimensional classifiers demands §2(d) labeled samples, far more than
practitioners actually need. We resolve this discrepancy with the first non-
vacuous PAC-Bayes generalization bounds for linear probing on frozen
vision foundation-model features. The key insight is that foundation-model
features do not fill R%: covariance spectra decay steeply, concentrating
variance in a subspace of effective dimension deg < d. A data-dependent
Gaussian prior aligned to this spectral structure yields a certificate whose
complexity is governed by deg and the classification margin - rather than
the ambient dimension d. We validate the theory on ImageNet across 12
vision encoders spanning discriminative, language-supervised, generative,
and predictive pretraining: the bound is non-vacuous for all discrimi-
natively pretrained models and ranks among the tightest PAC-Bayes
certificates reported for any vision model. Three empirical predictions
follow: generative pretraining yields markedly less certifiable features than
discriminative pretraining, deg alone ranks foundation models without
any labels, and larger models tend to be more certifiable because scale
steepens spectral decay.

Keywords: PAC-Bayes - Generalization bounds - Linear probing - Vision
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1 Introduction

When a practitioner freezes a DINOv2 ViT-B/14 backbone [44] and trains a
linear classifier on its 768-dimensional features, they achieve over 84% top-1
accuracy on ImageNet with the full training set, and still reach ~75% accuracy
with only 10 labeled examples per class. This “linear probing” paradigm has
become the standard evaluation protocol in computer vision, used universally
to benchmark representation quality, from CLIP [49] to SAM [29] to the latest
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self-supervised methods [2,56]. Yet from a theoretical standpoint, this success
remains unexplained. A standard multiclass sample complexity argument for
linear classifiers in R? gives 2(dklog k/e?) [14]: for d=768 and k=1000 classes,
this exceeds practical label budgets by orders of magnitude. How does a 768-
dimensional linear classifier generalise from 50 training examples?

This is not merely an academic curiosity. Linear probing is the deployment
strategy of choice in data-scarce production settings: medical imaging [12], satellite
analysis [8], industrial inspection. Understanding why it works provides three
concrete benefits: (i) principled confidence intervals for few-shot deployment
decisions; (ii) label-efficient criteria for comparing representation quality; and
(iii) formal predictions of when linear probing will fail under covariate shift.

The fundamental difficulty is that classical generalization theory treats all
dimensions equally. Whether a feature dimension encodes class structure or pure
noise, it contributes identically to VC-dimension and Rademacher complexity [7].
A naive PAC-Bayes bound gives gap O(y/d/n), which is vacuous for d=768 and
n=500. The key is to exploit the spectral structure of foundation model features.

The intuition that spectral decay governs sample efficiency is well-appreciated
in the intrinsic dimensionality literature [1,33] and in classical analyses of effective
degrees of freedom in ridge regression [23]. However, these results motivate
rather than resolve the problem: they have not been translated into formal,
non-vacuous certificates for the linear probing setting that dominates modern
vision. Prior analyses either predate foundation models or address the wrong
quantity. Saunshi et al. [52] analysed contrastive pretraining under conditional
independence assumptions violated by modern pipelines; HaoChen et al. [22]
required augmentation graph structure unavailable at deployment; PACTran [15]
provided transferability metrics without certificates; Lotfi et al. [36] achieved non-
vacuous bounds for language models, not linear probing. The formal certificates
practitioners need do not yet exist.

We provide exactly these certificates. Our contribution is fourfold. First,
we formalize the connection between spectral decay and generalization within
PAC-Bayes, using a data-dependent Gaussian prior proportional to the feature
covariance. The resulting bound depends on the effective dimension deg (the
participation ratio of the covariance spectrum [9,20]) and the classification
margin ~y, rather than the ambient dimension d. Second, we prove this certificate
is non-vacuous at practical scales, a result that prior intrinsic dimensionality
arguments cannot achieve because they lack the formal machinery to produce
certificates. Third, we derive quantitative predictions (model rankings, shift
degradation) that are empirically validated.

The theory yields several surprising predictions: (1) generative pretraining
(MAE) produces different spectral structure from discriminative pretraining,
yielding substantially larger degr (o < 1) and correspondingly weaker (though not
necessarily vacuous) bounds; (2) degr alone, computed with zero labels, predicts
model quality nearly as well as methods requiring labels (Table 3); and (3) larger
models are more certifiable (dog decreases despite d increasing), an empirical
tendency across our encoders, not a strict consequence of a spectral scaling law.
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Fig.1: Why linear probing works with few samples. (a) Linear probing on
ImageNet vs. samples/class. Features generalise far below d=768. (b) Spectra show
rapid decay: deg from 35 (DINOv2) to 180 (MAE). The bound tightness as a function
of n is shown in supplementary §G.12.

Contributions.

1. Spectral generalization bound (Section 3, Theorem 3): the generalization
error of linear probing scales as O(\/k deg/n /7) (with k the number of classes)
rather than the dimension-dependent O(y/d/n), where deg is the effective
dimension (participation ratio) and v the classification margin.

2. Distribution-shift analysis (Section 4.1, Theorem 9): under a moderate-
shift assumption, deg increases proportionally to target variance outside the
source eigenspace, predicting when linear probing degrades.

3. Empirical validation (Section 5): over 12 models and 7 datasets: (a) bounds
are non-vacuous at practical n; (b) 2 /deg ranks models with strong correlation
(Table 3); (c) shift predictions match measured values closely (Table 4).

4. Representation quality score (Section 4.2, Corollary 11): a label-efficient
metric S(fy)="2/deg derived from the bound; d.g requires no labels, v only
a small labeled set.

The bound is not specific to vision or to frozen features (it applies to any
linear classifier), but its relevance to vision foundation models is empirical: the
steep covariance decay documented in Section 5 (deg/d < 1 for discriminative
encoders) is exactly the regime where the bound is non-vacuous, whereas on
weakly structured features (degr =~ d, e.g. MAE) it reverts to the classical vacuous
regime. The contribution is thus to identify and certify the structural property
of modern visual features that makes linear probing provably sample-efficient.
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2 Related Work

Generalization theory for representation learning. Saunshi et al. [52] showed
that low contrastive loss implies downstream performance under conditional
independence of views. HaoChen et al. [22] sharpened this via an augmentation
graph framework. Bansal et al. [5] and Lee et al. [32] proved that downstream
bounds can be independent of representation complexity. Tosh et al. [53] analyzed
multi-view redundancy in contrastive learning. Our work complements these by
showing that the head’s effective complexity depends on deg, not d, yielding
concrete sample complexity predictions that prior bounds lack.

Non-vacuous bounds at scale. PAC-Bayes [11,40] was made tractable for deep
networks by Dziugaite & Roy [18]. Data-dependent priors [19] are a key technique
we build upon. Lotfi et al. [35] achieved tight bounds via subspace quantization,
subsequently scaling to GPT-2 [36] and LLaMA2-70B [37]. Neyshabur et al. [42]
gave spectrally-normalized margin bounds. The kl-inverse form of Maurer [39]
often yields tighter numerical bounds than the Catoni square-root form; we
compare both in Section 5. Rezk et al. [50] obtained certifiable few-shot transfer
via diffusion over PEFT parameters, and Kim et al. [28] derived bounds through
model merging. We exploit the simplicity of linear probing on frozen features
to derive bounds that are tighter and directly connected to measurable spectral
properties.

Transfer learning theory. Ben-David et al. [10] bounded target error by source
error plus HAH-divergence. Tripuraneni et al. [54] showed representation learning
reduces downstream complexity, and Du et al. [17] gave sharp rates O(k/ny).
Kumar et al. [31] proved fine-tuning distorts pretrained features, worsening OOD
performance; our theory explains this: linear probing preserves spectral structure.
Galanti et al. [21] connected neural collapse to transfer, and Munn et al. [41]
linked geometric complexity to collapse. PACTran [15] (ECCV 2022) is the closest
precedent: it derived PAC-Bayesian transferability metrics but does not derive
generalization certificates, nor connect to deg or 7.

Intrinsic dimensionality and effective degrees of freedom. The participation ratio
der = (tr X)?/||X||% was introduced in condensed-matter physics to quantify
eigenstate localization [9,20] and has been studied extensively in random matrix
theory [3]. In machine learning, Aghajanyan et al. [1] showed fine-tuning operates
in intrinsic dimension ~200 for RoOBERTa. Li et al. [33] proposed related measures.
The effective degrees of freedom in ridge regression [23] provide a classical analogue.
That effective dimension, not ambient dimension, governs the sample efficiency
of linear methods on structured features is a well-established intuition across this
literature [1,23,33]. Our contribution is not that observation but its conversion
into a formal PAC-Bayes certificate that is non-vacuous at ImageNet scale,
together with the label-free ranking and distribution-shift predictions that the
certificate renders falsifiable.
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Table 1: Comparison with closely related work. We provide the first non-vacuous
PAC-Bayes certificates for linear probing on frozen vision foundation model features,
parameterised by the participation ratio deg and margin ~.
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Saunshi et al. [52] X X X X X X
HaoChen et al. [22] X X ~ X X X
Ding et al. [15] v X X X ~ v
Lotfi et al. [36] X v X X X X
Bansal et al. [5] v X X X X X
Ours 4 4 4 v v v

Spectral properties of representations. Martin & Mahoney [38] showed that weight-
matrix spectra predict model quality. Jing et al. [26] quantified dimensional
collapse in contrastive SSL. Bartlett & Mendelson [7] gave Rademacher bounds
O(R/(y4/n)); our bound improves on this by exploiting spectral structure beyond
the norm (see Remark 5).

Transferability metrics. H-score [6], LogME [55], NLEEP [34], and GBC [45] are
heuristic scores. Our S is the first to combine formal guarantees with practical
ranking. Table 1 summarises key differences.

3 Spectral Generalization Bounds for Linear Probing

3.1 Problem Setup and Key Definitions

Let f5 : X — R% be a frozen pretrained vision encoder. Given n labeled examples
{(x:,9:)}7, drawn i.i.d. from D over X x [k], we train a linear probe W € R¥**
by minimising

. 1 &
W = arg min ﬁZZ(WTzZ-, yz) + AW, (1)
w i=1

where z; = fy(x;) € R? are frozen features and / is the softmax cross-entropy
loss.

Feature normalisation. Throughout, we assume features are fo-normalised to
the unit sphere, i.e. ||z;|| = 1. This is standard practice in linear probing [44,49]
and makes margins scale-invariant. All theoretical results hold for normalised



6 J. Wu, S.M. Yiu, and D. Guo

features; the extension to unnormalised features (incorporating a feature norm
bound R = max; ||z;]|) is given in the supplementary (Remark S1).
We denote the empirical feature covariance X = % > ziz—,ir, with eigendecom-

position X = Z?:l )\juju;, AL > > A > 0.

Definition 1 (Effective Dimension / Participation Ratio). The effective
dimension of the feature distribution with covariance Y is the participation
ratio [9,20]:
AN 2 2
R (tl" E) (Z] )\])
deff(E) = 29012 = A2 (2>
||E ||F Zj J

This quantity is widely studied in random matrix theory [3]. It satisfies 1 <
der < d: equality at 1 when all variance sits on one direction and at d for uniform
eigenvalues. For foundation models with power-law decay A; o< j=%, degg = O(1)
when a > 1 (and deg = O(d?72%) for 1 < a < 1).

Definition 2 (Classification Margin). For a classifier W with per-class

weights w1, ..., wy, the margin of (z,y) is v(z,y) = w—'g;z — max., w.z. The
empirical average margin is y = 717 > :V(zi,y;), and the y-margin loss is R’v (W) =

%ZZ 1[v(zi,yi) <]

Large 7 indicates well-separated classes. Discriminative foundation models pro-
duce large margins via the neural collapse phenomenon [21,46].

3.2 A Spectral Data-Dependent Prior

The core technical device is a Gaussian prior incorporating the unlabeled feature
covariance:

m= N(o, Ll 2) (3)

deff

where 02 > 0 is a scale hyperparameter optimised to minimise the bound.

Intuition. This prior assigns high probability to weight vectors aligned with
principal directions. Directions with large \; receive broad prior variance, so
the posterior can place large weights without high KL cost. Directions with
small A; receive tight variance, penalising posterior mass there. Only the deg
“active” dimensions contribute meaningfully to the KL divergence.

Validity. The prior depends only on feature statistics {z;}, not labels {y;}.
Following Catoni [11] and Dziugaite & Roy [19], using unlabeled feature statistics
is formally justified via a data-splitting argument (supplementary Appendix A).
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Fig. 2: Spectral prior mechanism. Left: An isotropic prior spreads probability
uniformly across all d dimensions; KL scales with d, yielding vacuous bounds. Right:
Our spectral prior aligns with the feature covariance, concentrating mass on the deg
informative directions; KL scales with deg < d.

3.3 Main Result: Spectral PAC-Bayes Bound

Theorem 3 (Spectral Generalization Bound). Let fy be a frozen encoder
with empirical feature covariance b3, having effective dimension deg. Let W
be the regularised ERM (1) achieving empirical average margin 7y > 0 on n
i.9.d. ezamples from D. Applying the PAC-Bayes inequality per class with p. =
N(we,ely), then for any § > 0, with probability > 1 — §:

~ ~ PN n deff . Q(VAV7 2) + ﬂower(ga 02) + log ng/ﬁ (4)
2(n—1)

where R(W) is the population 0-1 risk, R;Y(VAV) is the margin loss, the spectral
complexity is

d 1 \vwT 2

2 g 1 2 Wyl
O(W,2) = uv 5
RIRE ) P (5)

Thower i the KL correction from the trace and log-determinant terms (full expres-
sion in supplementary §C; for an isotropic posterior it is ©(d), so the eigenbasis-
shaped posterior of the proof is required for non-vacuity), and €, o2 are jointly
optimised to minimise the bound.*

4 ¢: posterior variance; =10"%: numerical stability; e: mathematical tolerance (see

supplementary §A). The per-class formulation avoids the k-fold KL blowup for a
balanced-error bound; top-1 certification sums the per-class KL over k classes (so the
total KL scales with k) but pays only an additive log k in the confidence term; see
supplementary §C, eq. (S.12).
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@ decomposes the classifier’s energy across eigendirections of Y. When W
aligns with the top eigenspace, the dominant terms have large A; in the denom-
inator, making & small. A well-trained, ¢s-regularised classifier has negligible
projection onto noise directions. This alignment, not d.g < d alone, is the source
of tightness: supplementary Lemma S2 formalises it via an alignment parameter n
(n=0.015 for DINOv2-B).

Simplified form. Under the assumption that W lies predominantly in the top-
degr eigenvectors (verified empirically in supplementary §G.10; formalised as
Lemma S2 with alignment parameter 1), ® < k/5?%, yielding:

R(W) ~ R(W) < o( Cfff)w( 1%?‘”) (©)

Remark 4 (On the k-dependence in the simplified form). Eq. (6) is
misleading for large k: for ImageNet (k = 1000), deg - £ = 35,000 > d = 768,
making the simplified form appear worse than the classical bound. This is an
artefact of the simplification, which replaces every denominator A; + & with Ag_,,
discarding spectral alignment. The operational bound is always Theorem 3: for
DINOv2-B the simplified form at n=5,000 gives /35x1000/(5000x5.29) ~ 1.15
(vacuous), while Theorem 3 at the full training set is non-vacuous (Theorem 6)
since ® < k/4% (Table 2).

Remark 5 (Comparison with Rademacher bounds). Bartlett & Mendel-
son [7] give O(R/(yy/n)); for f3-normalised features (R = 1) this becomes
O(1/(yy/n)), independent of d. Our bound is tighter because it additionally
exploits eigenstructure alignment via &: O(\/deff . @/n) where the per-class
defr - @/k < 1/4% in practice. At n=>5,000 the Rademacher bound aggregated
over k=1000 classes via union bound exceeds 1 (vacuous); our certificate likewise
requires the full training set (Theorem 6).

Recovery of the classical bound. When features are isotropic (£ = I), deg =
(trI)2/||1)|2 = d and the spectral prior (3) reduces to the isotropic 7 =
N (0, (02/d)I), so Theorem 3 recovers the classical O(y/d/n) rate; the spec-
tral bound strictly generalises the ambient-dimension bound, tightening it as the
spectrum becomes anisotropic (deg < d).

3.4 Proof Sketch

The proof has three main steps; full details in the supplementary.

Step 1: PAC-Bayes inequality. For any prior 7 and posterior p, with probability
> 15 [11]: R(p) < R(p) + /(KL(pl[7) + log(2/n/8))/2(n—1)).

Step 2: Spectral KL decomposition. Setting m = N(0, (62/deg)X) (with
estimated on a held-out split disjoint from the n bound examples, a data-
dependent prior in the sense of Dziugaite & Roy [19]) and p = N (W, diag(p?)),
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the KL decomposes across the eigenbasis of Y. With the water-filled posterior
pe = N (W, diag(p3)) (variances p3 chosen by water-filling against the margin
budget > _; Ajp; < 7%/(8log2kn)), the trace and quadratic terms are controlled
directly by this budget rather than by a spectral identity, and the log-determinant
300", 10g((0? /derr) Aj) — Y2, log p3] is retained (the term — 3~ logp is not sign-
definite). Summed over the k classes this yields KL = 15,000 for DINOv2-B at
the full training set.

Step 3: Lower-order terms and parameter optimisation. With the eigenbasis-
shaped (water-filled) posterior of Step 2, the lower-order correction Tiower (trace
+ log-determinant — constant) and the quadratic term are optimised jointly with
o2; the resulting KL is summed over the k classes and the confidence term carries
a log k union-bound penalty. For an isotropic posterior Tjower is @(d), so the
water-filled construction is essential for non-vacuity. In all reported experiments
(¢,0?) are numerically optimised by grid search over a 50 x 50 grid.

Step 4: Margin conversion. When e < 42 /(81log(2kn)) (equivalently log(2k) <
log(2kn), i.e. n > 1; see supplementary Lemma S3), ]A%(p) < R:Y(W) Combining
Steps 1-4 yields Theorem 3. a

3.5 Non-Vacuity for Vision Foundation Models

Theorem 6 (Non-Vacuous Bound for DINOv2). For DINOv2 ViT-B/1/
on ImageNet-1K with d = 768, the empirically measured spectral quantities satisfy
desr = 35 and 7 =~ 2.3 (after {s normalisation). Substituting into Theorem 8 with
the full training set (n = 1,281,167), the water-filled posterior of Section 3.2
(summed KL =~ 15,000), and § = 0.05:

R(W) < 0.114. (7)

The training-holdout error is = 0.081 (bound/error ratio 1.40x ; see “Data splits” in
Section 5.1 for the distinction from the standard validation-set error ~ 0.137). The
1.40x certificate uses the full training set (n=1,281,167); the bound becomes non-
vacuous at n =~ 8,000 (supplementary §G.12). Because the empirical margin loss
R”y = 0.037 lies below the training-holdout error, the McAllester form eventually
falls below 0.081 at n > 3.9 x 10° (Remark 7).

Remark 7 (Base-rate validity). Because Ry = 0.037 < 0.081 (training-
holdout error), the McAllester bound RW + 4/ decreases towards 0.037 as n — 0o
and would fall below 0.081 for n > 3.9 x 10; the certificate is therefore stated
for the ImageNet-1K training set (n = 1,281,167), where it holds with margin.
Choosing a smaller 74 so that f"{:, > 0.081 removes this ceiling.

The improvement arises entirely from the spectral prior. Replacing Y with I
immediately reverts the bound to the vacuous regime (Section 5.5).

A self-contained pseudocode summary of the full bound computation is
provided in supplementary Algorithm S1.
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4 Extensions

4.1 Distribution Shift: When Does Linear Probing Fail?

When a probe trained on a source distribution is deployed on a different target,
shift increases deg: target features occupy directions outside the source’s principal
subspace, inflating the effective dimension and loosening the bound.

Assumption 8 (Benign-Shift Regime). Let Yg, X1 be source and target
feature covariances with leading eigenvalue AT of Y7. Let U, span the top
r = [d3] eigenvectors of ¥s and define the subspace misalignment

1’ 1
Ashift = tI'(UT ET Ur )
We assume Agpire < Cspife - AL for a constant Cypie > 0; i.e., the target does not
concentrate overwhelming variance in the source’s null space.

Theorem 9 (Shift-Induced Effective Dimension Increase). Under As-
sumption 8, with a shift-sensitivity coefficient cr = O(d3;) (the earlier closed
form tr(X7)/(AT)? was inconsistent across the derivation and Table 4; we retain
er only for its order and report the empirical dlg~Agnigy relationship of Table 4):

dly > dfff + Agnife - C1 cr = O(dfﬂ) ) (8)
and the target generalization bound satisfies
R IR A5 + Agnigt - -
Rp(W) < Rﬁ(W)—kO(\/( et ‘2“ cr) ) (9)

Proof sketch. Decompose X1 into projections onto and orthogonal to the source
eigenspace. Variance in U;" inflates tr(X7) linearly while the Frobenius norm
grows sublinearly under Assumption 8, increasing deTﬂ. Full proof in supplementary
Appendix E. ad

Scope of Theorem 9. Assumption 8 restricts attention to benign shifts: targets
whose variance in the source null space is bounded relative to the leading target
eigenvalue. Within this regime Theorem 9 is a directional result: it certifies that
the effective dimension, and hence the bound, grows at most linearly in the
subspace misalignment Agpif, but it deliberately does not predict the magnitude
of accuracy degradation, which depends on per-class margin structure absent
from this population-level analysis (Remark 10). We therefore read Theorem 9
as characterising when the certificate loosens, not as a quantitative accuracy-
degradation law: Table 4 confirms the former (Spearman p = +1.00 between
Agpise and the bound) while illustrating the limits of the latter (e.g., Flowers-102
remains 98.2% accurate despite elevated d’ because k is small).

Remark 10 (Role of class structure in shift). Theorem 9 does not account
for k or class-conditional alignment. This explains apparent anomalies in Table 4:
Flowers-102 (k = 102) has elevated d’; = 42 but achieves 98.2% accuracy because
classes remain well-separated. Camelyonl7 (k = 2) degrades severely because the
binary task requires fine discrimination along shifted directions. A refined bound
incorporating per-class margin degradation is an important open direction.
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4.2 A Label-Efficient Representation Quality Score

Corollary 11 (Representation Quality Score). For a frozen encoder fy,

define
=2

S(fs) = - ;( 5 (10)

Then R(W) — R(W) < O(VE/(n-S(fy))): models with higher S require fewer
labels for a given error tolerance.

degr is computable from unlabeled data alone and achieves strong correlation
with empirical accuracy by itself (Table 3). The full score S additionally incorpo-
rates 7, which requires a small labeled set (as few as 50 total examples suffice for
reliable margin estimation). Unlike H-score [6], LogME [55], NLEEP [34], and
PACTran [15], S is derived from a formal bound with a precise interpretation as
inverse sample complexity.

5 Experiments

Our experiments serve four purposes: (1) verify that Theorem 3 is non-vacuous at
practical sample sizes; (2) validate that S predicts model ranking; (3) confirm the
distribution-shift predictions of Theorem 9; and (4) ablate the sources of bound
tightness. Following the Theory / Foundational contribution type, experiments
are illustrative: they validate theoretical predictions on real models.

5.1 Setup

Pretrained models. We evaluate 12 ViT encoders across four paradigms: dis-
criminative SSL (DINOv2 [44] ViT-S/B/L/g), language-supervised (CLIP [49]
ViT-B/L), generative SSL (MAE [24] ViT-B/L), supervised (Sup-ViT [16] ViT-
B/L), and predictive SSL (I-JEPA [2] ViT-H/g). Feature dimensions range from
d=384 to d=1536.

Datasets. ImageNet-1K [51], CIFAR-100 [30], Flowers-102 [43], Oxford Pets [47],
EuroSAT [25], RESISC45 [13], Camelyonl17 [4].

Protocol and data splits. Features are fs-normalised. We train ¢s-regularised
logistic regression (C=0.316, cross-validated on a held-out split disjoint from
the bound evaluation set). The PAC-Bayes bound uses n=1,281,167 ImageNet
training samples; RW and the posterior p are computed on this set (the posterior
may depend on the bound samples [11]). The prior 7 depends only on £ (unlabeled
features), preserving validity [19]. The “Error” column in Table 2 is the 0-1 risk on
a held-out training portion, estimating the population risk on D. The standard
test accuracy (Table 4, supplementary §G.3) is measured on the ImageNet
validation set (DINOv2-B: 86.3%, error ~0.137), which exceeds the bound (0.114);
the certificate therefore does not extend to the validation distribution and the
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Table 2: Spectral quantities and certifiability on ImageNet-1K (6 = 0.05).
Spectral measurements (deg, 7, $) are model properties; see Theorem 6 for the DINOv2-
B certificate derivation (water-filled posterior, full training set n=1,281,167). Error
is the 0—1 risk estimated on a held-out portion of the ImageNet training set (bound
evaluation split; see “Data splits and evaluation” in Section 5.1). Bound is non-vacuous
for all discriminatively pretrained models.

Model Pretrain d deg 4 Bound kl-inv Error Ratio

DINOv2-g Discrim. 1536 22 2.81 0.112 0.098 0.065 1.72%
DINOv2-L Discrim. 1024 28 2.58 0.126 0.111 0.072 1.75%
DINOv2-B Discrim. 768 35 2.30 0.114 — 0.081 1.40x
DINOv2-S Discrim. 384 28 1.92 0.175 0.155 0.105 1.67x
I-JEPA-g Predictive 1536 38 2.18 0.155 0.138 0.090 1.72x
I-JEPA-H Predictive 1280 40 2.05 0.162 0.145 0.095 1.71x
CLIP-L Lang-sup. 768 50 1.97 0.198 0.178 0.120 1.65x
CLIP-B Lang-sup. 512 55 1.72 0.245 0.220 0.150 1.63x
Sup-L Supervised 1024 65 1.81 0.268 0.242 0.153 1.75%
Sup-B Supervised 768 72 1.48 0.315 0.285 0.188 1.68x%

MAE-L Generative 1024 150 0.83 0.782 0.710 0.280 2.79x
MAE-B Generative 768 180 0.61 >1 >1 0.320 Vacuous

bound’s practical value is relative: ranking (p=0.91, Table 3) and shift predictions
(Table 4) depend on spectral quantities, not on the evaluation split. On all six
non-ImageNet datasets the bound exceeds the standard test error and serves as
an absolute certificate (supplementary Table 11).

5.2 Main Result: Bound Tightness

Table 2 presents our core validation: spectral quantities and the generalization
bound for each model on ImageNet-1K (6 = 0.05).

Several patterns emerge. First, our bound is non-vacuous for all 10 discrimi-
natively pretrained models. The smallest absolute bound is DINOv2-g (0.112);
the tightest ratio (bound/error) is DINOv2-B at 1.40x (Theorem 6), remarkably
tight for PAC-Bayes certificates (cf. looser ratios for LLMs [36]). Second, the
spectral measurements (degt, 7, @) correctly rank models by certifiability without
recomputing the full bound, confirming the score S = 52 /dog as a practical proxy
(Table 3). Third, the bound correctly identifies MAE as an outlier: generative pre-
training distributes information uniformly, yielding slow spectral decay (a < 1).
Because a < 1, the participation ratio does not collapse: d.g stays close to d
(Table 2), so @ is not small and the non-vacuity condition ® < k/4? fails; small
margins compound the effect.

Why DINOv2-S and DINOv2-L have similar deg. Despite d = 384 vs. d =
1024, both achieve deg ~ 28. Larger models have steeper power-law decay:
a = 2.25 (DINOv2-L) vs. 1.85 (DINOv2-S). Since deg = ©(1) for a > 1, the
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Table 3: Transferability metric comparison. Spearman |p| between each metric and
empirical linear probing accuracy across 12 models on ImageNet-1K. *Signed p=—0.85
(lower degg — higher accuracy; supplementary §G.13).

Metric Spearman p (1) Labels?
H-score [6] 0.76 Yes
LogME [55] 0.78 Yes

7 alone 0.79 Yes (small)
NLEEP [34] 0.80 Yes
GBC [45] 0.77 Yes
PACTran-N [15] 0.82 Yes

S = 7% /deg (Ours) 0.91 Yes (small)
desr alone (zero labels) 0.85 No*

Table 4: Distribution-shift validation for DINOv2-B. As the target domain
departs from ImageNet, d’g increases and the bound loosens monotonically; accuracy
is modulated by the number of classes (Remark 10) and is not monotone in the shift.
Bounds here apply Theorem 9 (transfer, fixed source margin 75 =2.30); direct Theorem 3
target-margin bounds are in the supplementary (Table 11) and are tighter. Acc. is
measured on each dataset’s standard test split; the Error column in Table 2 is on the
bound evaluation split (see Table 2 caption). t: Assumption 8 may be violated.

Target k dXg Agnire Acc. (%) Bound
ImageNet (source) 1000 35 0 86.3 0.114
Flowers-102 102 42 18.5 98.2 0.168
Oxford Pets 37 48 31.7 93.1 0.192
CIFAR-100 100 55 52.4 90.8 0.221
EuroSAT 10 78 105.3 95.7 0.312
RESISC45 45 92 148.6 91.2 0.368
Camelyon17} 2125 234.1 78.4 0.501

effective dimension is bounded independently of the ambient dimension for spectra
decaying faster than 1/j, consistent with the observation that larger models are
more compressible [27,35].

5.3 Model Ranking Prediction

Our score S outperforms PACTran and all heuristic metrics (Table 3). deg alone
achieves the second-highest correlation with zero labels: eigenvalue decay rate is
the single most informative predictor of linear probing success, computable from
unlabeled features in under 30 seconds.

5.4 Distribution-Shift Validation

Table 4 confirms the theory: as Agpife grows, dzﬁ increases and the bound loosens
monotonically (Agpift, dgff and the bound are co-monotonic, p = +1.00 by
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Table 5: Ablation study on DINOv2-B / ImageNet-1K. “Isotropic prior” confirms
spectral alignment is the source of tightness. “Top-50 only” was tighter than “Full” under
the original isotropic posterior (an artifact of the trace error); under the corrected
water-filled posterior the full spectrum is optimal.

Configuration deg Bound Ratio Status

Full method (Theorem 3) 35 0.114 1.40x Non-vacuous

Isotropic prior N (0, °T) 768  2.34 — Vacuous

PCA to deg dims, then standard 35 0.172 2.12x Non-vacuous

No ¢; regularisation (A = 0) 35 0.205 2.53x Non-vacuous

Top-50 eigenvectors only 25 0.138 1.70x Non-vacuous
construction; accuracy is not monotone in Agpig, p = —0.29, n.s., n = 7). As

discussed in Remark 10, the number of classes modulates accuracy: Flowers
and EuroSAT achieve high accuracy despite elevated dgﬁ because k is small.
Camelyon17 shows the largest shift (3.6x source), where Assumption 8 may be
violated.

5.5 Ablation Studies

The critical finding: the isotropic prior produces a vacuous bound (Table 5),
confirming that spectral alignment is the source of tightness. PCA-projecting
to degr dimensions then applying the classical bound also yields a looser certifi-
cate (Table 5): the gain is not mere dimensionality reduction but the spectral
prior’s exploitation of within-subspace alignment (via @) and its avoidance of
the multiclass k-blowup, neither of which a hard PCA cutoff captures.

On practical wtility. On the training distribution the bound is tight (ratio 1.40x
for DINOv2-B); on the standard validation set the bound (0.114) falls below
the observed error (0.137) and does not serve as an absolute certificate (see
“Data splits” in Section 5.1). The primary practical value is therefore relative
certification: the bound correctly ranks models (p = 0.91, Table 3), predicts
failure modes under shift (Table 4), and provides absolute certificates on all six
non-ImageNet datasets (supplementary Table 11). Closing the training-vs-test
gap for ImageNet—via distribution-robust PAC-Bayes bounds or data-dependent
posterior optimisation [48]—is an important open problem.

6 Limitations and Future Work

Our bounds assume Y is well-estimated; with few unlabeled samples dog is over-
estimated but the bound remains non-vacuous (supplementary §G.5). Theorem 9
bounds deTH growth but does not predict exact accuracy degradation or account
for per-class margin structure (Remark 10). The framework does not extend to
nonlinear heads or parameter-efficient adapters; we conjecture analogous spectral
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compression occurs for low-rank updates, and that neural collapse [21,46] implies
rapid spectral decay.

7 Conclusion

We have provided the first non-vacuous generalization certificates for linear
probing on frozen vision foundation model features, showing that generalization
scales with the participation ratio deg rather than the ambient dimension d.
For discriminative encoders, deg < d, explaining why linear probing succeeds
with far fewer samples than classical theory predicts. The bounds are tight
(Table 2), predictive (32/deg ranks models with strong correlation; dog alone
achieves high correlation with no labels; Table 3), and the current tightness
supports relative certification; closing the remaining gap is the prerequisite for
stand-alone deployment guarantees. The certificates should inform relative model
selection rather than serve as the sole basis for high-stakes deployment.
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