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Abstract. Modern vision generators transport a base distribution to
data through time-indexed measures, implemented as deterministic flows
(ODEs) or stochastic diffusions (SDEs). Despite strong empirical per-
formance, standard flow-matching objectives do not directly control the
information geometry of the trajectory, allowing low-entropy bottlenecks
that can transiently deplete semantic modes. We propose Entropy-Controlled
Flow Matching (ECFM): a constrained variational principle over continuity-
equation paths enforcing a global entropy-rate budget d

dt
H(µt) ≥ −λ.

ECFM is a convex optimization in Wasserstein space with a KKT/Pontryagin
system, and admits a stochastic-control representation equivalent to a
Schrödinger bridge with an explicit entropy multiplier. In the pure trans-
port regime, ECFM recovers entropic OT geodesics and Γ -converges to
classical OT as λ → 0. We further obtain certificate-style mode-coverage
and density-floor guarantees with Lipschitz stability, and construct near-
optimal collapse counterexamples for unconstrained flow matching.

Keywords: Optimal transport · Schrödinger bridges · Generative modeling

Fig. 1. Trajectory bottleneck mechanism. A controlled toy 8-Gaussian experi-
ment illustrates that endpoint fit can hide harmful intermediate transport geometry.
(a) Standard FM routes mass from the source distribution µ0 through a transient
low-entropy bottleneck, starving several target modes despite endpoint matching. (b)
ECFM imposes an entropy-rate constraint, keeping trajectories distributed and pre-
serving all target modes µT . (c) Quantitative diagnostics separate endpoint fidelity
from trajectory preservation: ECFM with λ = 1.0 preserves all 8/8 modes and satisfies
96% of entropy-feasible time bins while maintaining better final MMD than uncon-
strained FM; smaller λ is more conservative.

1 Introduction

Modern vision generators transport a simple base distribution to a complex data
distribution through a time-indexed family of measures {µt}t∈[0,T ], implemented
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either as a deterministic flow (ODE/probability-flow style) [4, 15, 28, 31, 41] or
a stochastic diffusion (SDE) [9, 17, 20, 39, 42]. While these approaches achieve
impressive sample quality, they lack a constraint-level mechanism that controls
the information geometry of the entire trajectory—in particular, the evolution
of entropy and the formation of low-entropy “bottlenecks” that can transiently
deplete modes. The teaser experiment in Fig. 1 isolates this mechanism on a
controlled 8-Gaussian task; the full protocol, diagnostic definitions, and λ sweep
are reported in App. J.5 (Tables 1–2).

Such bottlenecks are a structural route to mode collapse (in the broad sense
of intermediate-time mass depletion across semantic regions), a phenomenon his-
torically associated with adversarial training [14] but also relevant for determinis-
tic transport models when the learned velocity field permits strong compression,
thereby reducing distributional coverage (low recall) and biasing samples toward
a subset of modes [24].

Optimal transport as geometry, Schrödinger bridges as regularization. Optimal
transport (OT) provides a canonical geometric notion of interpolation between
distributions via Wasserstein geodesics [30], with the dynamic Benamou–Brenier
formulation [2] giving a minimum-kinetic-energy transport under the continuity
equation [2, 45]. However, OT geodesics can be brittle in high dimensions: they
may route mass through narrow sets and are generally sensitive to perturbations,
exhibiting fragility under sampling error and structural perturbations in prac-
tice [13,27]. Entropic regularization replaces the hard OT problem by a strictly
convex objective that yields smooth entropic interpolations [7]. At the path level,
this regularization is captured by Schrödinger bridges (SB) [5, 8, 25, 26, 34]: KL
projections of a reference path measure onto endpoint constraints, which admit a
stochastic-control interpretation and connect deeply to OT through small-noise
limits and large deviations [6,32]. Despite this conceptual alignment, the training
objectives used in flow-based vision generators are typically posed as regression
of velocities/scores [28, 31, 42] and do not explicitly impose an entropy-control
principle that rules out collapse channels at the level of trajectories.

Our idea: entropy-controlled flow matching. We introduce Entropy-Controlled
Flow Matching (ECFM), a constrained variational principle for learning velocity
fields in which the transport path µt must satisfy an entropy-rate budget

d

dt
H(µt) ≥ −λ, (1)

where H is differential entropy (defined on the absolutely continuous class) and
λ ≥ 0 is a user-specified budget. In deterministic continuity-equation dynamics,
the constraint has an immediate geometric meaning: since d

dtH(µt) = Eµt
[∇·

v(·, t)], (1) directly limits average compressibility and prevents arbitrarily sharp
concentration in finite time. We combine this constraint with a flow-matching-
style objective that regresses a learned velocity field toward a reference field,
yielding a principled mechanism that is trajectory-level, model-agnostic (ODE or
SDE), and certifiable via entropy-rate diagnostics.
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Contributions. Our main results provide a complete mathematical foundation
for ECFM and connect it to OT/SB theory:

– A constrained transport formulation. We formalize ECFM as a con-
strained optimization in Wasserstein space over solutions of the continuity
equation, with precise assumptions, admissible classes, and a boxed primal
problem (Sec. 2.2).

– Optimality and duality (KKT/Pontryagin form). We derive first-
order conditions with a nonnegative multiplier enforcing the entropy-rate
constraint, and give a dual interpretation as a time-dependent barrier against
compressive flows (Sec. 2.3).

– Equivalence to Schrödinger bridges. We prove that ECFM admits a
Schrödinger-bridge-equivalent formulation: the induced objective is strictly
convex in the path law (in the SB specialization), giving uniqueness at the
level of trajectories (Sec. 2.5) [6, 32].

– Entropic OT geodesics and the λ → 0 limit. For the pure transport
specialization, we show that ECFM trajectories coincide with entropic OT
interpolations (Sec. 2.6) and establish Γ -convergence to classical OT as λ ↓ 0
(Sec. 2.7) [2, 7, 45].

– Mode coverage and stability guarantees. We introduce a formal col-
lapse notion in terms of intermediate-time mode mass depletion and prove
quantitative mode-floor and density-minimum bounds under the entropy
budget, together with perturbation stability (Sec. 2.8–2.9).

– Necessity: failure without entropy control. We construct explicit un-
constrained flow-matching sequences with near-optimal objective value but
singular entropy bottlenecks and mode depletion, showing that the entropy
constraint is structurally necessary for certificate-level non-collapse claims
(Sec. 2.10).

Relevance to vision generators. ECFM complements the dominant paradigms
for vision generation—diffusions/score models [17, 42], flow matching [28], and
rectified flows [31]—by adding an explicit entropy-budget constraint that can be
checked (or enforced via dual updates) during training, yielding theorem-backed
anti-collapse guarantees without relying on SOTA comparisons.

Practical enforcement and certification. Training can be implemented with a
projected primal–dual augmented-Lagrangian update: entropy-rate violations on
a time grid increase nonnegative multipliers, while feasible bins incur no dual
pressure. We give the full algorithm, estimator choices, and adaptive λ-scheduling
details in App. J.3 and Alg. 1. Quantitative toy diagnostics and the λ sweep are
reported in App. J.5.

Relation to Schrödinger bridges and entropic OT (what is new). Although Sec. 2.5
shows that ECFM admits a Schrödinger/KL representation under a Brownian
reference law, this connection is an analytical lens rather than the definition of
our method. Classical Schrödinger bridges (and entropic OT) [6,8,36,40,44] are
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posed as KL/entropy-penalized interpolations with a fixed stochastic reference,
whereas ECFM is defined as a flow-matching projection onto an entropy-rate
feasible set via the inequality constraint Ḣ(µt) ≥ −λ. Crucially, ECFM keeps an
arbitrary FM reference drift u⋆ and yields the closest entropy-feasible trajectory;
the KKT multiplier is adaptive (zero when the FM trajectory is feasible, active
otherwise), inducing an endogenous entropic level ε(λ) rather than choosing ε a
priori. The coincidence with entropic OT/SB geodesics occurs only in the pure-
transport specialization u⋆ ≡ 0 (Sec. 2.6), serving as a sanity check and enabling
the λ ↓ 0 OT limit.

Roadmap. Sec. 2.2–2.3 presents the ECFM problem, duality, and optimality con-
ditions. Sec. 2.5 proves equivalence to Schrödinger bridges. Sec. 2.6 and Sec. 2.7
establish convergence to entropic OT and Γ -limits to classical OT. Sec. 2.8–
2.10 provide mode-coverage, stability, and failure-without-constraint results. Full
proofs and measure-theoretic details are deferred to the Supplementary Material.

2 Theory

2.1 Setup and notation

Ambient space. Fix a horizon T > 0 and dimension d ≥ 1. We work on Rd with
its Borel σ-algebra. Let P2(Rd) := {µ ∈ P(Rd) :

∫
∥x∥2 dµ(x) < ∞} and let W2

denote the quadratic Wasserstein distance,

W 2
2 (µ, ν) := inf

π∈Π(µ,ν)

∫
Rd×Rd

∥x− y∥2 dπ(x, y).

For measurable T : Rd → Rd, T#µ(B) := µ(T−1(B)), and ⟨f, µ⟩ :=
∫
f dµ.

Additional OT preliminaries are in App. A.

Time-indexed measures and velocities. We consider Borel curves t 7→ µt ∈
P2(Rd) paired with Borel velocity fields v : Rd × [0, T ] → Rd, and use the
shorthand

∥v∥2L2(µ) :=

∫ T

0

∫
Rd

∥v(x, t)∥2 dµt(x) dt.

Continuity equation. A pair (µ, v) satisfies the continuity equation (CE) on [0, T ]
if for all φ ∈ C∞

c (Rd × (0, T )),∫ T

0

∫
Rd

(
∂tφ(x, t) +∇φ(x, t) · v(x, t)

)
dµt(x) dt = 0. (2)

When µt = ρt dx, this is ∂tρt +∇· (ρtvt) = 0 in the distributional sense.
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Entropy and information functionals. For µ = ρ dx, define the differential en-
tropy H(µ) := −

∫
ρ log ρ dx (and H(µ) = −∞ if µ ̸≪ dx). For µ ≪ ν,

KL(µ∥ν) :=
∫
log

(
dµ
dν

)
dµ. If ρ > 0 a.e. and ρ is weakly differentiable, the Fisher

information is I(µ) :=
∫
∥∇ log ρ∥2 ρ dx. A key identity used throughout is the

entropy-rate formula: if (µ, v) solves CE and ρt is regular enough, then

d

dt
H(µt) =

∫
Rd

∇· v(x, t) dµt(x) for a.e. t ∈ [0, T ], (3)

with precise hypotheses in Apps. A–B.

Admissible endpoints and paths. We consider endpoints (µ0, µT ) ∈ P2(Rd) ×
P2(Rd) and define

A(µ0, µT ) :=
{
(µ, v) : µ|0 = µ0, µ|T = µT , (µ, v) satisfies (2), ∥v∥L2(µ) < ∞

}
.

(4)

Entropy-rate budget (entropy control). Fix λ ≥ 0. We impose the a.e. constraint

d

dt
H(µt) ≥ −λ for a.e. t ∈ [0, T ], (5)

interpreted under the regularity conditions of App. B.

Standing assumptions. We state assumptions in a model-agnostic form; a brief
“how to read these in diffusion/FM/latent settings” mapping is given in App. J.
Unless stated otherwise:

(S1) Endpoints. µ0 = ρ0dx, µT = ρT dx with µ0, µT ∈ P2(Rd) and H(µ0),H(µT ) >
−∞.

(S2) Feasibility. A(µ0, µT ) contains at least one path satisfying (5).
(S3) Reference field. A measurable drift u⋆ : Rd × [0, T ] → Rd is given such

that
∫ T

0

∫
∥u⋆(x, t)∥2 dµt(x) dt < ∞ for all considered admissible (µ, v), and

u⋆(·, t) is locally Lipschitz for a.e. t.

Full technical conditions and variants are in Apps. A–B.

2.2 Entropy-Controlled Flow Matching (ECFM)

Reference drift. Let u⋆ : Rd× [0, T ] → Rd be a prescribed reference drift (teacher
/ closed-form interpolation / model-implied target). ECFM learns a velocity field
v and an induced path (µt)t∈[0,T ] that transports µ0 to µT , stays close to u⋆ in
mean square under µt, and respects a global entropy-rate budget.
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Primal formulation. Define the entropy-feasible admissible set

Aλ(µ0, µT ) :=
{
(µ, v) ∈ A(µ0, µT ) : Ḣ(µt) ≥ −λ for a.e. t ∈ [0, T ]

}
,

where Ḣ is interpreted via (3) under Apps. A–B. The ECFM problem is

ECFMλ(µ0, µT ;u
⋆) := min

(µ,v)∈Aλ(µ0,µT )

1

2

∫ T

0

∫
Rd

∥v(x, t)− u⋆(x, t)∥2 dµt(x) dt.

(6)
We denote by (µλ, vλ) an optimal pair when it exists.

Feasibility and choosing λ (practical rule). The budget λ controls the allowed
entropy dissipation along the path. Trivially, λ = +∞ recovers unconstrained
FM and is always feasible. For finite λ, feasibility can be checked (and λ selected)
using the entropy-rate diagnostics in App. J.2: on a discrete time grid {tn}, esti-
mate ̂̇Hn ≈ Eµtn

[∇·v(·, tn)] (for deterministic flows) or the Fokker–Planck/Fisher
form (for diffusions), then set an empirical effective budget

λ̂LCB
eff := max

n

(
− ̂̇HLCB

n

)
,

where ̂̇HLCB

n is a lower confidence bound (Sec. 1, App. J.4). Choosing λ ≥ λ̂LCB
eff

makes feasibility a measurable, certificate-compatible condition.

Flux form (Benamou–Brenier variables). When µt = ρtdx, define momentum
mt := ρtvt. Then CE is ∂tρt +∇·mt = 0 and

1

2

∫ T

0

∫
∥v − u⋆

t ∥2 dµtdt =
1

2

∫ T

0

∫
∥mt − ρtu

⋆
t ∥2

ρt
dx dt,

(with the convention +∞ if ρt = 0 and mt ̸= 0). We use this representation for
convexity/coercivity arguments (App. C).

Entropy-budget interpretation. By (3), the constraint Ḣ(µt) ≥ −λ is equivalently
the divergence budget∫

Rd

∇· v(x, t) dµt(x) ≥ −λ for a.e. t ∈ [0, T ]. (7)

Thus ECFM forbids paths with transient low-entropy bottlenecks (large negative
divergence spikes), the collapse mechanism made explicit in App. I.

Special cases.

1. Unconstrained FM: λ = +∞ removes (7) and recovers classical flow
matching.

2. Pure transport: u⋆ ≡ 0 yields minimum-energy transport under an entropy-
rate constraint, leading to entropic OT geodesics (App. E).

3. Diffusions: for Fokker–Planck dynamics, Ḣ includes a Fisher-information
term, enlarging feasibility; see Sec. J and App. B.



Entropy-Controlled Flow Matching 7

2.3 Optimality and duality

KKT structure (primal–dual form). ECFM admits a primal–dual characteriza-
tion with a scalar potential ϕ (for CE) and a nonnegative multiplier η(t) (for
the entropy-rate constraint). We state the core KKT conditions; full derivations
and the adjoint equation are in Apps. C.4–C.6.

Theorem 1 (KKT optimality system (core conditions)). Assume (µλ, vλ)
solves (6) and µλ

t = ρλt dx satisfies the regularity conditions in Apps. A–C. Then
there exist ϕλ and ηλ(t) ≥ 0 such that:

1. (Feasibility). (µλ, vλ) ∈ Aλ(µ0, µT ), i.e. CE (2) holds with endpoints µ0, µT

and Ḣ(µλ
t ) ≥ −λ a.e.

2. (Stationarity). For a.e. t and µλ
t -a.e. x,

vλ(x, t) = u⋆(x, t)−∇ϕλ(x, t)− ηλ(t)∇ log ρλt (x). (8)

3. (Complementarity). For a.e. t,

ηλ(t) ≥ 0, Ḣ(µλ
t ) + λ ≥ 0, ηλ(t)

(
Ḣ(µλ

t ) + λ
)
= 0. (9)

Dual viewpoint. In flux variables mt = ρtvt, the problem is a convex program in
(ρ,m) with a convex quadratic perspective integrand and linear CE constraint;
the associated dual is a concave maximization over (ϕ, η) whose maximizers
recover vλ via (8) (App. C.5).

Interpretation. ηλ(t) acts as an adaptive anti-collapse pressure: it activates only
when the trajectory attempts to dissipate entropy faster than λ, injecting a score-
like correction ∇ log ρλt in (8) and thereby ruling out low-entropy bottlenecks
(Apps. G, I).

2.4 Existence and uniqueness

Existence.

Theorem 2 (Existence of an ECFM minimizer). Assume (S1)–(S3) from
Sec. 2.1. Then the primal problem (6) admits at least one minimizer (µλ, vλ) ∈
Aλ(µ0, µT ). Moreover, one may choose a minimizer with µλ

t ≪ dx for a.e. t and
finite kinetic energy

∫ T

0
∥vλt ∥2L2(µλ

t )
dt < ∞. Full proof and compactness topology

are in App. C.

Uniqueness (strict convex regimes). Uniqueness holds in settings where the in-
duced objective is strictly convex in the (path) law, notably: (i) the Schrödinger/KL
representation (Sec. 2.5) and (ii) the pure transport specialization u⋆ ≡ 0 (App. E).

Theorem 3 (Uniqueness in strict convex regimes). In either of the fol-
lowing regimes, the ECFM solution is unique:
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1. Schrödinger/KL form: ECFM is represented as a KL minimization over
path measures (Sec. 2.5);

2. Pure transport: u⋆ ≡ 0, yielding entropic OT geodesics (App. E).

In both cases, the path t 7→ µλ
t is unique and vλ(·, t) is unique µλ

t -a.e. for a.e. t.

Proof (Proof sketch). Both regimes reduce to a strictly convex objective in the
path law (KL/entropic OT), hence uniqueness follows by strict convexity. Proofs
are in App. D (Schrödinger/KL) and App. E.4 (geodesic case).

Scope and what is certified. Theorem 2 guarantees existence under (S1)–(S3).
Uniqueness is claimed only in the strict convex regimes of Theorem 3 (SB/KL
form or pure transport); in the general ECFM setting with arbitrary u⋆, mul-
tiple minimizers may exist. Importantly, certification is trajectory-level rather
than uniqueness-level : every ECFM minimizer is feasible for the entropy-rate
constraint by construction, and therefore all mode-floor and stability guarantees
apply to any minimizer satisfying the stated regularity assumptions. In practice,
the SB specialization (Sec. 2.5) recovers uniqueness at the level of the induced
path law.

2.5 Equivalence to Schrödinger bridges

Schrödinger bridge (dynamic form). Let R be a Brownian reference path law on
C([0, T ];Rd) with diffusivity ε > 0 (App. D). The (dynamic) Schrödinger bridge
between µ0 and µT is the KL projection

min
P: P0=µ0, PT=µT

KL
(
P ∥R

)
, (10)

which is equivalent to the static endpoint formulation (App. D.1–D.2).

Control representation and current velocity. Any P ≪ R admits a controlled
diffusion representation dXt = bt(Xt) dt +

√
2ε dWt whose marginals µt = ρtdx

satisfy the Fokker–Planck equation. Define the current velocity

vt := bt − ε∇ log ρt, (11)

which converts Fokker–Planck to the continuity equation ∂tρt +∇· (ρtvt) = 0.
Moreover, the entropy-rate identity becomes

d

dt
H(µt) = Eµt

[∇· bt] + ε I(µt) = Eµt
[∇· vt], (12)

so the constraint Ḣ(µt) ≥ −λ directly restricts admissible KL-controls.

Theorem 4 (Equivalence: ECFM as an entropy-controlled Schrödinger
bridge). Fix ε > 0 and R as above. Under (S1)–(S3) and the regularity as-
sumptions of App. D, ECFM admits a Schrödinger-bridge representation in the
following sense:
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1. (SB ⇒ ECFM). If P⋆ solves (10) with drift bt and marginals µt, then
the induced current velocity vt in (11) yields a CE path (µ, v) that mini-
mizes an ECFM objective (6) for an explicit reference field u⋆ determined
by Schrödinger potentials, with multiplier η(t) enforcing the entropy budget.

2. (ECFM ⇒ SB). Conversely, any ECFM minimizer (µλ, vλ) induces a con-
trolled drift bλ := vλ + ε∇ log ρλ and hence a path law Pλ ≪ R whose KL
objective equals the ECFM value up to a constant.

3. (Uniqueness in path law). The induced path law Pλ is unique whenever
the admissible set is nonempty.

Proof (Proof sketch). Combine the standard SB ↔ stochastic control equivalence
with the current-velocity transformation (11). Completing the square identifies
the quadratic control cost with the ECFM integrand, while (12) links entropy-
rate feasibility to admissible controls. Full proof and the explicit identification
of u⋆ are in App. D.4.

Implication. ECFM is a Schrödinger bridge with an explicit entropy-dissipation
budget: it inherits strict convexity (hence uniqueness in path law) in the SB
specialization, and excludes the low-entropy bottleneck collapse channels of un-
constrained deterministic flows (Apps. G, I).

2.6 Convergence to entropic OT geodesics

Pure transport specialization. For u⋆ ≡ 0, ECFM reduces to minimum kinetic
energy under the entropy-rate budget:

min
(µ,v)∈Aλ(µ0,µT )

1

2

∫ T

0

∫
∥v(x, t)∥2 dµt(x) dt. (13)

This defines an entropy-controlled geodesic. Via Sec. 2.5, this regime coincides
with entropic OT / Schrödinger bridges.

Entropic OT. Fix ε > 0. Entropic OT admits a static regularized formulation
and an equivalent dynamic (Schrödinger) KL formulation; we use the latter in
the proofs (Apps. D–E).

Theorem 5 (Entropy-controlled geodesics are entropic OT geodesics).
Assume (S1)–(S2) and u⋆ ≡ 0. Let (µλ, vλ) minimize (13). Then:

1. (Identification). There exists ε = ε(λ) > 0 and a Schrödinger bridge Pε

between µ0 and µT such that µλ
t = Pε

t for a.e. t. Equivalently, (µλ, vλ) is the
entropic OT geodesic (current-velocity form) with regularization ε(λ).

2. (Uniqueness and stability). The path t 7→ µλ
t is unique, and there exists

C = C(λ, T, µ0, µT ) such that for any endpoints (µ̃0, µ̃T ) and corresponding
minimizer (µ̃λ, ṽλ),

sup
t∈[0,T ]

W2(µ
λ
t , µ̃

λ
t ) ≤ C

(
W2(µ0, µ̃0) +W2(µT , µ̃T )

)
. (14)
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Proof (Proof sketch). Use the Schrödinger representation (Sec. 2.5) to identify
(13) with a strictly convex entropic OT/KL functional. The entropy-rate con-
straint induces an effective regularization level ε(λ) through the KKT multiplier
(App. E). Uniqueness follows from strict convexity in the path law, and stability
follows from strong convexity and stability of KL projections. Full proof is in
App. E.

Role of λ. Smaller λ permits less entropy dissipation and corresponds to smaller
ε(λ), approaching classical OT as λ → 0 (Sec. 2.7).

2.7 Γ -convergence as λ → 0

Limit regime. We formalize the small-budget limit λ ↓ 0 by Γ -convergence:
entropy-controlled geodesics converge to classical OT (Benamou–Brenier) geodesics.

Functional setting. Work in the trajectory–velocity space X := A(µ0, µT ) en-
dowed with the standard weak topology for CE trajectories (App. F.1). For
u⋆ ≡ 0, define

Fλ(µ, v) :=


1

2

∫ T

0

∫
∥v(x, t)∥2 dµt(x) dt, (µ, v) ∈ Aλ(µ0, µT ),

+∞, otherwise,
(15)

and let F0 be the classical Benamou–Brenier OT action (same expression on
A(µ0, µT ); +∞ otherwise).

Theorem 6 (Γ -convergence to classical OT). Assume (S1)–(S2) and u⋆ ≡
0. Then Fλ Γ -converges to F0 on X as λ ↓ 0. Consequently, inf Fλ → inf F0,
and any accumulation point of minimizers (µλ, vλ) is a Benamou–Brenier OT
minimizer. If the OT geodesic is unique, then µλ

t ⇀ µ0
t for all t ∈ [0, T ].

Proof (Proof sketch). The liminf follows from weak lower semicontinuity of the
kinetic action in flux form and closure of the CE constraint under the X-topology.
A recovery sequence is obtained by smoothing an OT geodesic (strictly positive
mollification) so the entropy-rate constraint is feasible for λn ↓ 0 while the action
changes by o(1). Equicoercivity yields compactness and the fundamental theorem
of Γ -convergence gives convergence of minimizers. Full proof is in App. F.

Consequence. ECFM provides a regularized geodesic family that recovers clas-
sical OT as λ → 0, linking entropy control to Wasserstein geometry.

2.8 Mode coverage and anti-collapse guarantees

Modes and collapse. Let {Ak}Kk=1 be measurable sets representing semantic
modes (e.g., regions in an embedding space) and define Mk(t) := µt(Ak). Assume
nontrivial endpoint mass:

µ0(Ak) ≥ αk, µT (Ak) ≥ αk, k = 1, . . . ,K, (16)

for some αk > 0. We call (µt) mode-collapsing if inft mink µt(Ak) = 0.
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Choosing modes {Ak} in vision practice. Theorem 7 is stated for arbitrary mea-
surable mode sets. In vision applications, a concrete and reproducible choice is
to define modes in a fixed representation space: pick an embedding f(·) (e.g.,
the model’s own latent space, or a frozen pretrained encoder), construct regions
{Ck}Kk=1 ⊂ Rp (e.g., class-conditional regions, k-means clusters, or attribute
partitions), and set Ak := f−1(Ck). Then µt(Ak) measures the probability mass
retained in each semantic/cluster region along the generative trajectory. When
the generator is trained in latent space, f is naturally the latent map and Ak

should be defined in that same space.

Entropy barrier. Entropy-rate control rules out transient concentration: under
Ḣ ≥ −λ, the path cannot pass through arbitrarily low-entropy bottlenecks in
finite time (App. G.2), which yields quantitative mode floors.

Theorem 7 (Mode coverage under entropy-rate control). Assume (S1)–
(S2) and let (µλ, vλ) solve (6). Under the regularity conditions of App. G, there
exist constants βk = βk(αk, λ, T, µ0, µT ) > 0 such that

µλ
t (Ak) ≥ βk for all t ∈ [0, T ] and all k = 1, . . . ,K. (17)

Proof (Proof sketch). Combine the entropy barrier (App. G.2) with a contradic-
tion/compactness argument that transfers forbidden concentration into a uni-
form lower bound on set-masses Mk(t); see App. G.3 for explicit constants.

Density floors on mode cores. If each mode contains a compact core Kk ⋐ Ak

with endpoint density lower bounds ρ0, ρT ≥ ck > 0 a.e. on Kk, then entropy
control yields a uniform interior density floor.

Theorem 8 (Density floors on mode cores). Assume (S1)–(S2) and the
core condition above. Under App. G.4, there exists ρ

k
> 0 such that

ρλt (x) ≥ ρ
k

for a.e. x ∈ Kk and all t ∈ [0, T ]. (18)

Moreover, these floors are perturbation-robust via Sec. 2.9.

Proof (Proof sketch). App. G.4 combines entropy-rate control with localiza-
tion/regularity (Harnack-type) arguments to convert mode-mass floors into point-
wise density minima on Kk.

Contrast. Without the entropy-rate constraint, unconstrained FM admits near-
optimal collapsing paths (App. I); see Sec. 2.10.

2.9 Stability under perturbations

Perturbation model. Let (µ, v) be an ECFM solution (or any feasible CE tra-
jectory), and consider perturbed data consisting of: (i) perturbed endpoints
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(µ̃0, µ̃T ), and (ii) a perturbed reference field ũ⋆. Let (µ̃, ṽ) denote the corre-
sponding ECFM solution under the same budget λ, when it exists. We quantify
the size of perturbations by

∆0 := W2(µ0, µ̃0), ∆T := W2(µT , µ̃T ), ∆u :=
(∫ T

0

∫
∥u⋆−ũ⋆∥2 dµt dt

)1/2

.

(19)
We also allow additive noise in the learned velocity, modeled as

ṽ(x, t) = v(x, t) + ξ(x, t),

∫ T

0

∫
∥ξ(x, t)∥2 dµt(x) dt < ∞. (20)

Stability of CE trajectories. The following theorem summarizes the Lipschitz-
type stability of entropy-controlled trajectories with respect to endpoints and
velocity perturbations; it consolidates Apps. H.1–H.4 into a main-text statement.

Theorem 9 (Unified perturbation stability). Assume (S1)–(S3) and the
regularity conditions of App. H. Let (µ, v) and (µ̃, ṽ) be ECFM minimizers for
data (µ0, µT , u

⋆) and (µ̃0, µ̃T , ũ
⋆), respectively, under the same budget λ. Then

there exists a constant C = C(λ, T,Reg) < ∞ depending only on the stated
regularity bounds such that

sup
t∈[0,T ]

W2(µt, µ̃t) ≤ C
(
∆0 +∆T +∆u + ∥ξ∥L2(µ)

)
, (21)

where ∥ξ∥2L2(µ) :=
∫ T

0

∫
∥ξ∥2 dµt dt. Moreover, mode masses and core density

floors are stable: for any measurable A ⊂ Rd and any compact core K,∣∣µt(A)− µ̃t(A)
∣∣ ≤ CA W2(µt, µ̃t), (22)

and if ρt(x) ≥ ρ a.e. on K for all t, then

ρ̃t(x) ≥ ρ−Cρ

(
∆0 +∆T +∆u + ∥ξ∥L2(µ)

)
for a.e. x ∈ K, ∀t ∈ [0, T ], (23)

for constants CA, Cρ depending on A,K and the same regularity envelope.

Proof (Proof sketch). App. H.1 provides Lipschitz stability for CE trajectories
under perturbations of the velocity field in L2(µ), while Apps. H.2–H.3 control
the propagation of endpoint/initialization perturbations through the flow map.
Combining these yields (21). The mode-mass bound (22) follows from regularity
of indicator test sets under Wasserstein perturbations (approximating 1A by
Lipschitz functions), and the density-floor stability (23) follows by composing
the core lower bound of Theorem 8 with the perturbation bound (21). Full
proofs and explicit constants are in App. H.

Interpretation. ECFM provides not only non-collapse guarantees, but also ro-
bustness margins: mode floors and density minima degrade at most linearly with
deployment shifts in endpoints, target field, or learned velocity.
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2.10 Failure without entropy control

Why a constraint is necessary. The previous sections establish that the entropy-
rate budget prevents low-entropy bottlenecks and yields mode-mass/density
floors. We now show that without entropy control, classical flow matching admits
near-optimal trajectories that transiently concentrate mass, producing intermediate-
time mode depletion.

Unconstrained FM objective. Consider the unconstrained counterpart of (6) ob-
tained by removing (5):

FM(µ0, µT ;u
⋆) := min

(µ,v)∈A(µ0,µT )

1

2

∫ T

0

∫
∥v(x, t)− u⋆(x, t)∥2 dµt(x) dt. (24)

Theorem 10 (Singular bottlenecks and explicit collapse in unconstrained
FM). There exist dimensions d ≥ 1, endpoint measures (µ0, µT ) satisfying
(S1), a reference field u⋆, and a sequence of feasible solutions {(µn, vn)}n≥1 ⊂
A(µ0, µT ) such that:

1. (Near-optimality). J∞(µn, vn) ↓ inf FM(µ0, µT ;u
⋆), where J∞ denotes

the objective in (6) without the entropy constraint.
2. (Entropy collapse). There exist times tn ∈ (0, T ) with

H(µn
tn) → −∞, equivalently

∫
∇· vn(·, tn) dµn

tn → −∞. (25)

3. (Mode depletion). For a suitable two-mode partition {A1, A2} with µ0(Ak), µT (Ak) >
0, the same sequence satisfies

inf
t∈[0,T ]

min{µn
t (A1), µ

n
t (A2)} → 0. (26)

Consequently, unconstrained FM does not admit a uniform mode-coverage guar-
antee of the form (17) without additional assumptions beyond (S1)–(S3).

Proof (Proof sketch). App. I constructs an explicit “squeezing” family of CE
trajectories that routes mass through a shrinking corridor (or collapsing mixture
component), keeping the FM mismatch cost small while making the Jacobian
determinant (hence divergence) very negative over a short time window. This
forces H(µt) to drop to −∞ as in (25), and simultaneously starves one mode as
in (26). Full construction and estimates are given in App. I.

Direct comparison with ECFM. Theorem 7 shows that ECFM forbids the col-
lapse mechanism in Theorem 10 by enforcing Ḣ(µt) ≥ −λ, which rules out the
divergence spikes responsible for (25). This separation is structural (constraint-
level), not empirical.
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2.11 Connections to vision generative models

Unified transport viewpoint. Vision generators induce time-indexed marginals
(µt)t∈[0,T ] in pixel or latent space via either deterministic transport (CE) or
stochastic diffusion (FP). ECFM supplies a single constraint-level control—an
entropy-rate budget—that is compatible with both regimes and yields certificate-
style anti-collapse guarantees.

Deterministic flows (FM / rectified flow). For Ẋt = vθ(Xt, t) with X0 ∼ µ0, the
law solves ∂tµt +∇· (µtvθ) = 0. Under App. B, the entropy rate is

d

dt
H(µt) = Eµt

[
∇· vθ(·, t)

]
, (27)

so Ḣ(µt) ≥ −λ is an explicit restriction on expected divergence, excluding tran-
sient compressions that drive mode depletion (Sec. 2.10).

Diffusions (FP / Fisher information). For dXt = bθ(Xt, t) dt+
√
2ε(t) dWt, ρt

solves FP and (App. B.4)

d

dt
H(µt) = Eµt

[
∇· bθ(·, t)

]
+ ε(t) I(µt). (28)

ECFM imposes Ḣ ≥ −λ directly (or via current velocity; Sec. 2.5), and the
Fisher term provides an intrinsic anti-collapse contribution.

Certificate-style diagnostics. One can estimate Ḣ(µt) from minibatch trajecto-
ries (App. J.2):

̂̇Hdet(t) =
1

B

B∑
i=1

∇·vθ(xi, t),
̂̇Hdiff(t) =

1

B

B∑
i=1

∇·bθ(xi, t)+ε(t)
1

B

B∑
i=1

∥sθ(xi, t)∥2,

(29)
where sθ ≈ ∇ log ρt. Feasibility ̂̇H(t) ≥ −λ yields a direct, SOTA-free certifi-
cate pathway to Theorems 7–8. Removing entropy control admits near-optimal
collapse channels (Sec. 2.10).

3 Conclusion

ECFM augments flow matching with an explicit entropy-rate budget, turning
trajectory compressibility into a controllable constraint. We characterize the
resulting convex problem (KKT/Pontryagin), relate it to Schrödinger bridges,
and in the transport specialization recover entropic OT and Γ -convergence to
classical OT as λ → 0. Entropy control yields verifiable mode-coverage and
density-floor certificates (stable to perturbations), while unconstrained FM ad-
mits near-optimal collapsing paths.
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