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Abstract. Flow matching (FM) models generate data by learning a ve-
locity field that transforms samples from a simple latent distribution,
typically an isotropic Gaussian, to the data distribution. However, the
geometric mismatch between a unimodal, full-dimensional Gaussian and
a multimodal, approximately low-dimensional data distribution leads to
a complex velocity field that is costly to learn at training time and
to integrate at inference time. In this paper, we propose Parsimonious
Flow Matching (PFM), which adopts a mixture of Gaussians (MoG)
as the latent distribution whose geometry better aligns with the data.
We identify key design choices that enable efficient FM, including an
optimal-transport data-latent coupling, MoG estimation via k-means,
and eigenvalue regularization of the per-mode covariances. Theoretically,
when both data and latent distributions are MoGs, we show that gra-
dient descent for FM with affine velocity fields converges faster when
the corresponding modes of the latent and data are more similar and
the per-mode covariances are well-conditioned. Further, for data that
follows a separated MoG, we prove that replacing the isotropic Gaus-
sian latent with a MoG in FM training accelerates gradient descent
convergence and lowers the initial loss. On CIFAR-10 and ImageNet
(32 × 32), PFM achieves the same generation quality as the baseline
in fewer training iterations, and produces higher-quality samples for the
same number of function evaluations at inference time. Code is available:
https://github.com/tianjiaoding/pfm.

Keywords: Flow Matching · Generative Models · Machine Learning

1 Introduction

Flow matching (FM) models [1,26,29] have demonstrated remarkable capabilities
in producing realistic images and videos. To generate a data point, these models
first sample from a simple distribution in the latent space, often an isotropic
Gaussian, and then iteratively apply a learned velocity field to the sample. De-
spite the simplicity of this idea, training these models to produce high-quality
outputs is computationally demanding, often requiring large-scale optimization
over high-dimensional velocity fields [12,21]. At inference time, generating a sin-
gle sample typically requires a large number of function evaluations (NFE) to
numerically integrate the learned flow [12,29].

https://github.com/tianjiaoding/pfm
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Fig. 1: Using an MoG as the latent distribution instead of an isotropic Gaussian allows
for better matching the dimensionality and number of modes of the data distribution,
which leads to more efficient training and inference of flow-based generative models.
Both methods shown are trained with the same number of iterations.

A fruitful line of research has sought to address these challenges from several
angles: reducing the complexity of the data space via autoencoders [7,8], promot-
ing straighter flow trajectories [9, 24, 33, 40], optimizing time [20] and flow [36]
discretizations, and designing expressive velocity fields [6,15,43]. An orthogonal
yet much less explored direction is the design of the latent distribution itself,
which is the focus of this paper.

One key observation motivating this direction is the geometric and statis-
tical mismatch between an isotropic Gaussian latent distribution and the data
distribution. The latter typically has multiple modes, each supported on a low-
dimensional manifold (cf. the manifold hypothesis [4,13,34]), while an isotropic
Gaussian is unimodal and full-dimensional. This mismatch has two consequences.
First, the velocity field must learn to simultaneously create multimodal structure
and reduce dimensionality, leading to a poorly conditioned optimization land-
scape that slows training convergence. Second, the resulting flow trajectories are
more complex, requiring a larger NFE at inference time1. Motivated by these
observations, we ask the following questions:

(Q1) Can we improve the training and generation efficiency of FM by de-
signing a structured latent distribution?

(Q2) How does a structured latent provably improve the training efficiency
of the FM optimization problem?

1 The mode mismatch can even lead to the generated distribution having spurious
support that interpolates the true modes [4].
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The answer to Q1 appears elusive: Jia et al. [18] showed that adopting a
mixture of Gaussians as the latent distribution can improve generation quality,
albeit for diffusion models on a subset of CIFAR-10, while recently Lee et al. [23]
offered empirical counter-evidence for FM models. As for Q2, to the best of our
knowledge, no prior work has theoretically analyzed how the structure of the
latent distribution affects the optimization landscape of FM.
Contributions. In this paper, we provide answers to the above questions by
making the following contributions.

– Algorithm (§3): To better capture the multi-modality and approximate low-
dimensionality of the data, we consider using a mixture of Gaussians (MoG)
as the latent distribution for FM. In particular, we investigate design choices
that enables efficient FM, including an optimal-transport data-latent cou-
pling, MoG estimation via k-means, and eigenvalue regularization of the
per-mode covariances. Drawing on the principle of parsimony that has long
guided the pursuit of efficient latent representations in machine learning
[3,5,31], we coin the resulting method Parsimonious Flow Matching (PFM).

– Theory (§4): We theoretically characterize the convergence rate of gradient
descent (GD) for FM with affine velocity fields. When both the data and
latent distributions are MoGs, we prove that GD converges faster when i) the
corresponding modes of the latent and data are similar and ii) the per-mode
covariances are well regularized (Theorem 1). When the data distribution is a
MoG with two classes, we further show that replacing the isotropic Gaussian
latent with an MoG accelerates GD convergence and reduces the initial loss
in FM training (Theorem 2).

– Experiments (§5): We demonstrate the efficacy of the proposed method on
benchmarks including CIFAR and ImageNet (32 × 32). Under comparable
training settings, the proposed method takes 25% − 50% fewer training it-
erations to achieve the same generation quality. It further achieves higher
generation quality using the same NFE at inference time.

2 Preliminary

In this section, we briefly review the preliminaries of FM that will set the stage
for describing our method (§3) and analyzing its theoretical properties (§4).

2.1 Basics of Flow Matching (FM)

The central object in FM is a time-dependent velocity field ut : Rd → Rd for
t ∈ [0, 1], which defines an ordinary differential equation (ODE) for the flow
ϕt : Rd → Rd:

d

dt
ϕt(x) = ut(ϕt(x)), ϕ0(x) = x. (1)

The flow pushes an initial distribution p0 forward so that the marginal at time
t is pt = (ϕt)#p0. The goal of FM is to design ut such that p0 ≈ q0 and p1 ≈ q1,
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where q1 is a latent distribution from which we can easily sample and q0 is the
data distribution.

Conditional FM (CFM) [26, 40] provides a tractable construction. Given a
coupling distribution q(x0,x1) with marginals q0 and q1, CFM defines the con-
ditional probability path

pt(x | x0,x1) = N
(
x | tx1 + (1− t)x0, σ

2I
)

(2)

and the conditional velocity ut(x | x0,x1) = x1−x0. The marginal path pt(x) =∫
pt(x | x0,x1) q(x0,x1) dx0 dx1 satisfies p0 ≈ q0 and p1 ≈ q1 as σ → 0. A neural

network vθ is trained to approximate the marginal velocity by minimizing the
CFM loss:

LCFM(θ) = Et, q(x0,x1), pt(x|x0,x1) ∥vθ(x, t)− ut(x | x0,x1)∥2 . (3)

Crucially, the coupling q(x0,x1) is the central design choice in CFM: it deter-
mines the probability path, the complexity of the velocity field, and hence both
training and inference efficiency.

2.2 Mini-batch Optimal Transport in FM

Under independent coupling q(x0,x1) = q0(x0) q1(x1), a latent point x0 may
be paired with a distant data point x1, leading to crossing flow trajectories and
thus a complex velocity field (see for example the work of [29] and Figure 2
therein). To promote straighter trajectories, which simplifies the velocity field
and facilitates ODE sampling, one can instead pursue an optimal transport (OT)
coupling between the data and latent distribution [29, 33, 40]. Let Γ (q0, q1) be
the set of couplings between q0 and q1, i.e., the set of joint distributions whose
marginals are q0 and q1. For any coupling q denote the transport cost by J (q) :=
E(x0,x1)∼q

[
∥x1 − x0∥2

]
. An OT coupling is one that minimizes the transport

cost; the OT cost, denoted by W2
2 (q0, q1), is known as the squared Wasserstein-2

distance between q0 and q1.
Computing the exact OT coupling is intractable in high dimensions. The

mini-batch approximation [33,40] addresses this as follows: at each training step,
one draws a mini-batch of B samples from q0 and q1 independently, solves a dis-
crete OT problem on the batch, which is a linear assignment problem computable
in O(B3) time, and uses the resulting pairs to evaluate the CFM loss (3) and
train the velocity field. This adds negligible overhead to training and requires
no modification at inference time.

3 Parsimonious Flow Matching (PFM)

As motivated in §1, data distributions typically exhibit multiple modes (e.g.,
a visual dataset may have multiple semantic classes) and approximate low-
dimensionality. To better capture these properties in the latent distribution of
FM and thus facilitate learning the velocity field, we consider using an MoG
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as the latent distribution. Let z ∈ {1, . . . , C} be a class variable with prior
πc := p(z = c). We adopt a latent distribution of the form

q0(x) =

C∑
c=1

πc q(x0 | z = c) =

C∑
c=1

πc N (x | µc
0,Σ

c
0), (4)

where µc
0 ∈ Rd and Σc

0 ∈ Rd×d are the mean and covariance of each Gaussian
mode. Given this structured latent, three design choices arise: how to couple
data and latent (§3.1), how to obtain the MoG parameters from data, and how
to regularize the covariance spectrum (§3.2).

3.1 Coupling between the Data and the MoG Latent

A common choice of coupling between the data and latent distributions is inde-
pendent coupling. However, given the pursuit of a simpler velocity, we instead
adopt OT couplings. The reason is illustrated as follows. Suppose the latent per-
fectly matches the data, i.e., q0 = q1. Under independent coupling, the velocity
field minimizing the CFM loss (3) can still be complicated; see [9, equation 4]
for an example. Luckily, under OT coupling between the data and latent, the
optimal velocity as per (3) is the zero field, arguably the simplest velocity to
learn. This is a core intuition that we will explore in the analysis (§4).

That being said, since the MoG latent (4) carries class structure, a natural
question is: at what granularity should we apply the OT coupling (§2.2)?

1. Global OT : q(x0,x1) is the OT coupling of the marginals q0 and q1.
2. Class-conditional OT : Since the latent MoG is learned from the data, let

the class variable z index the modes of both the data and the latent. Then,
q(x0,x1) =

∑C
c=1 πc q(x0,x1 | z = c), where q(x0,x1 | z = c) is the OT

coupling of the class-conditionals q(x0 | z = c) and q(x1 | z = c).

In our experiments, the two options often yield comparable generation qual-
ity; see Table 1 (a). Class-conditional OT incurs overhead similar to global OT,
as it simply groups each mini-batch by class and solves a smaller assignment
problem within each group. Our theory (§4) adopts class-conditional OT, as it
admits closed-form expressions for the covariances along the interpolation path
that facilitate the analysis.

3.2 Obtaining the MoG Parameters

Intuitively, the closer the latent distribution matches the mode structure of the
data, the less work the velocity field must do to transform one into the other. This
suggests choosing latent distributions whose means align with the data cluster
centers, whose covariances span similar subspaces, and whose mixing weights
reflect the data class proportions. A natural way to achieve this is to learn the
parameters directly from the data, which we describe next.



6 T. Ding et al.

50k 100k
Training Iterations

101

102
FI

D

NFE = 12
Independent
Global OT
Class-cond. OT

(a) Data-latent Coupling

MoG FID

random 5.85
supervised 6.3
10-means 5.71

(b) Choice of MoGs

50k 100k
Training Iterations

101

102

FI
D

NFE = 12
= 0
= 0.1
= 1
= 10

(c) Cov. Regularization

Table 1: Ablation study on the design choices of latent MoG in §3. All models are
trained with 100k iterations on CIFAR-10, and FIDs are evaluated with NFE=12.

Learning the MoG from Data. The classical approach for fitting a MoG is
Expectation-Maximization (EM). However, its per-iteration cost is cubic in the
dimension d due to covariance inversions, and existing implementations do not
exploit GPUs. Since visual data typically have large d (e.g., CIFAR images have
d = 32 × 32 × 3 = 3072), one either runs a few iterations of EM, which gives
poor estimates, or runs many iterations for a long wall-clock time, which defeats
the goal of efficiency. Instead, we use k-means, which requires no covariance
inversion and admits efficient GPU implementations. For each output cluster c,
we estimate πc as the proportion of data in it, µc

1 as its centroid, and Σc
1 as its

sample covariance. k-means is run efficiently to produce the MoG parameters,
which are then fixed throughout FM training. Implementation details and an
empirical comparison of EM and k-means are in §C.2.

Regularizing the MoG Parameters. We observe that the learned per-mode
covariances Σc

1 have a rapidly decaying eigenvalue spectrum. Near-degenerate
covariances cause two problems: (i) the ground-truth velocity field ut becomes
ill-defined in directions where the covariance vanishes [38]; and (ii) the veloc-
ity model receives insufficient training signal in low-density directions, leading
to poor generalization [23]. A natural approach to regularize the learnt MoG
is probabilistic PCA [39], which models the covariance as a low-rank matrix
plus an isotropic residual term. The optimal magnitude of the residual term is
determined by the mean of the smallest eigenvalues not captured by the low-
rank component. However, we observe that the top few eigenvalues account for
nearly all the variance, while the remaining eigenvalues are smaller than 10−3.
This results in the residual term too small to meaningfully regularize the de-
generate directions. Instead, we regularize the covariances by applying the map
σ 7→ max(σ, τ) element-wise to the eigenvalues of the covariances, where τ > 0
is a hyperparameter. As seen in Table 1 (c), without a small τ for regularization,
FID is low in early training but then plateaus at a suboptimal value. A mod-
erate τ yields the best balance between fast early improvement and continued
convergence to low FID.
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Connection with [23]. A recent work [23] shows that using an MoG as the
latent distribution yields much worse generation quality than the baseline. We
make the following observations. First, EM was used to estimate the MoG param-
eters, which tends to yield poor estimates with a compute budget as explained
above (see also §C.2). Second, the learned MoGs were not regularized, while we
show that properly regularizing the per-mode covariances of MoGs improves the
generation quality empirically (Table 1) and theoretically (Theorem 1).

4 Theoretical Analysis of FM Training

This section aims to provide a theoretical justification of the algorithmic design
of PFM. We first introduce notations and assumptions that enable the analysis
(§4.1), and provide the convergence rate of GD in terms of statistical quantities
of the data-latent coupling (§4.2). When the data and latent distributions are
MoGs coupled by class-conditional OT, we prove that GD converges faster when
i) the mode-conditionals of latent and data are similar and ii) the per-mode
covariances are well regularized (§4.3). When the data distribution is a MoG with
two classes, we further show that class-conditional OT can approximately achieve
global OT, and that an MoG latent distribution achieves faster convergence and
smaller initial loss than an isotropic Gaussian (§4.4).

4.1 Problem Setup

With the goal of deriving the rate of convergence of gradient descent on the FM
objective (3) from §2.1, in this section we setup basic notations and assumptions.

We first discuss the three main components of (3), which are the conditional
probability path, the conditional velocity, and the learnable velocity field. Recall
that x0,x1 are random vectors with the law of q(x0,x1); we will specify the law
later in §4.3 and §4.4. For ease of exposition, we consider a simplified version of
the conditional probability path (2) as follows

xt := (1− t)x0 + tx1, (5)

which corresponds to (2) in the limit of σ → 0. Denote y as a shorthand for
the conditional velocity field ut(x | x0,x1) = x1 − x0. In practice, the learn-
able velocity field vθ(x, t) in (3) are typically parameterized by deep networks
with advanced architectures (e.g., U-Net and DiTs). However, deep networks are
highly non-convex and non-smooth, which makes the theoretical analysis chal-
lenging. To facilitate analysis, we adopt an affine2 velocity vθ(x, t) = Atx for
every t ∈ [0, 1]. While this is a gross simplification, we will be compensated by the
ability to develop theory that predicts and explains the empirical effectiveness
of algorithmic design.
2 For ease of exposition, §4 restricts attention to affine velocity fields without a bias

term and assume E[x0]=E[x1]=0. The analysis can be extended to the non-centered
case in a straightforward manner, which we detail in Appendix B.
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Using the above assumptions and notations in the FM objective (3) leads to

L({At}t∈[0,1]) = Et∼Unif[0,1],q(x0,x1)

[∥∥Atxt − y
∥∥2
2

]
. (6)

Optimizing (6) is equivalent to optimizing for every t ∈ [0, 1]

Lt(At) = Eq(x0,x1)

[∥∥Atxt − y
∥∥2
2

]
. (7)

Thus, we consider gradient descent (GD) of (7) with a constant step size ηt > 0:

A
(k+1)
t = A

(k)
t − ηt∇Lt(A

(k)
t ) . (8)

Notations. Below, expectations and covariances are with respect to the law of
q(x0,x1). For t ∈ [0, 1], denote the mean and covariance of xt by µt = E[xt]
and Σt = Cov(xt). Likewise, let Σyy = Cov(y), Σyt = Cov(y,xt), and Σ01 =
Cov(x0,x1). For any square matrix A, denote its largest and smallest eigenvalues
by λmax(A) and λmin(A), and its condition number by κ(A) = λmax(A)

λmin(A) .

4.2 Basic Convergence Rates of FM Training

Thanks to the simplifications above, FM training (7) is now linear regression
with well-known optimization behavior. Indeed, its minimizer is A∗

t = ΣytΣ
−1
t ,

and GD (8) with the optimal constant step size η∗t = 1
λmin(Σt)+λmax(Σt)

has the
following convergence rates (c.f. Lemma 3 and its proof)

∥A(k)
t −A∗

t ∥F ≤ ρkt ∥A
(0)
t −A∗

t ∥F , (9)

Lt(A
(k)
t )− L∗

t ≤ ρ2kt
(
Lt(A

(0)
t )− L∗

t

)
, (10)

where ρt :=
κ(Σt)−1
κ(Σt)+1 is the contraction factor and L∗

t = Lt(A
∗
t ) is the minimum

objective. In particular, (9) and (10) reveal that GD convergence is governed
by two factors: (i) the condition number κ(Σt), which controls ρt, and (ii) the
initialization errors ∥A(0)

t −A∗
t ∥F and Lt(A

(0)
t )−L∗

t .
However, the convergence rates above depend on Σt and Σyt, and one may

wonder how they connect to the properties of the latent and data distributions.

Lemma 1. Using the conditional probability path (5), we have that

∀t ∈ [0, 1], Σt = (1− t)2Σ0 + t2Σ1 + t(1− t)
(
Σ01 +Σ⊤

01

)
,

Σyt = (1− t)(Σ⊤
01 −Σ0) + t(Σ1 −Σ01). (11)

Lemma 1 says that Σt and Σyt depend on the covariances Σ0,Σ1 of the latent
and data distributions, as well as their cross-covariance Σ01. That being said,
several issues remain. Recall that in PFM (§3), the latent x0 follows a MoG
distribution (that is learned from x1), and it is further coupled with the data x1

via OT. First, Σ0,Σ1,Σ01 are aggregated objects that hide the covariance of
each mode as well as the similarity of corresponding modes of latent and data.
Second, Σ01 depends on the OT coupling between x0 and x1, which is difficult
to characterize when x1 is a general distribution.
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4.3 MoG as Data and Latent Distributions

To address the issues above, we consider a model of q(x0,x1) where the latent x0

and data x1 follow MoGs coupled with class-conditional OT: i.e., conditioned on
each mode, the latent and data are individually Gaussian, and they are coupled
by OT. Since the OT map between two Gaussians is affine, such a model allows us
to characterize how the per-mode parameters affect the Σ0,Σ1,Σ01 and thus
convergence rates. In particular, we show that the convergence rate is faster
when i) the corresponding modes of the latent and data are similar and ii) the
per-mode covariances are well regularized.

We begin by specifying q(x0,x1). Let z ∈ {1, . . . , C} be a categorical variable
indexing the modes, with weights {πc}Cc=1 satisfying πc ≥ 0 and

∑
c πc = 1.

Consider Gaussian class-conditionals

x0 | z = c ∼ N (µc
0,Σ

c
0), x1 | z = c ∼ N (µc

1,Σ
c
1),

with corresponding modes related by a single positive-definite matrix Bc≻0,

µc
1=Bcµ

c
0, Σc

1=BcΣ
c
0B

⊤
c . (12)

Conditioned on z = c, we couple x0 and x1 by OT. As both class-conditionals
are Gaussian, the OT map sending x0 to x1 is affine, which under (12) reduces
to the linear map x1 = Bcx0.

Before moving on to the theorem, we define a few useful quantities. Let
∆c := Bc − I measure how x0 and x1 differ in their c-th modes. Next, we
characterize how the mode means spread out. Define the mean offsets δcj :=
µc

j −µj for j ∈ {0, 1} and, under the linear path (5), their interpolated versions
δct := (1− t)δc0+ tδc1 for t ∈ (0, 1). To summarize these offsets in a single quantity,
define the Gram matrix Gt ∈ RC×C with (Gt)i,j =

√
πiπj ⟨δit, δ

j
t ⟩. Its norm ∥Gt∥

equals the largest eigenvalue of the between-class scatter
∑

c πcδ
c
t (δ

c
t )

⊤, i.e., the
maximal variance of the mode means about the global mean along any single
direction. Hence ∥Gt∥ is large when i) the mode means lie far from the global
mean and ii) the offsets align along a common direction.

Theorem 1 (Convergence Rate for MoG Distributions). Under the
model above, for any t ∈ [0, 1], we have

Σt =
C∑

c=1

πc

(
(I + t∆c)Σ

c
0(I + t∆c)

⊤ + δct (δ
c
t )

⊤
)
, (13)

Σyt =

C∑
c=1

πc

(
∆cΣ

c
0(I + t∆c)

⊤ + (δc1−δc0)(δ
c
t )

⊤
)
. (14)

Consider GD on Lt(At) in (7). Assume ∥∆c∥<1,∀c ∈ [C], and define

κup
t =

(
C∑

c=1

πc∥Σc
0∥(1+t∥∆c∥)2+∥Gt∥

)(
C∑

c=1

πc

λmin(Σc
0)(1−t∥∆c∥)2

)
. (15)

The convergence rates in (9) and (10) hold with contraction factor ρt :=
κup
t −1

κup
t +1

.
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We refer the readers to Appendix B.3 for the proof. Theorem 1 character-
izes the covariance matrices for any t ∈ [0, 1] and the corresponding conver-
gence rates. The upper condition number κup

t admits a natural decomposition
into within-class and between-class contributions. The first factor in κup

t upper-
bounds λmax(Σt) and consists of a within-class term

∑
c πc∥Σc

0∥(1+t∥∆c∥)2,
which captures the spread of each mode covariance under the interpolation, and
a between-class term ∥Gt∥, which measures the effective separation among the
interpolated mode means {δct}. Two qualitative consequences follow.

Smaller covariance mismatch ∆c leads to faster convergence. As ∥∆c∥
increases, the factor (1+t∥∆c∥)2 inflates the numerator of κup

t while (1−t∥∆c∥)2
shrinks its denominator, slowing the convergence. In the limit of ∆c = 0 for all c,
two interesting effects happen. First, the contraction factor ρt is governed only by
per-mode covarainces and the spread of the mode means alone, since Σt reduces
to
∑

c πcΣ
c
0 +

∑
c πcδ

c
t (δ

c
t )

⊤. Second, the initialization error vanishes: note that
δc0 = δc1 for all c ∈ [C], thus Σyt = 0. Notably, A∗

t = 0, and a zero initialization
of A(0)

t =0 is already optimal, requiring no GD steps. However, in practice the
initialization error is unlikely to be zero, so the contraction factor ρt always
affects the convergence. Importantly, this means that driving the covariance
mismatch ∥∆c∥ towards zero is not always desirable, because the initialization
error and ρt are coupled by the shared choice of latent covariance. Namely,
pushing Σc

0 close to Σc
1 reduces initialization error but inherits the smallest

eigenvalue from data, which can be vanishingly small and blow up ρt. This
reveals a trade-off between minimizing the mismatch ∥∆c∥ and regularizing the
modes, which justifies the eigenvalue thresholding in our algorithm (§3.2).

Larger between-class separation ∥Gt∥ leads to slower convergence. In
the literature of subspace clustering, an important data model is one where the
data is from a mixture of zero-mean low-dimensional distributions [11, 25, 41].
In this case, all modes have zero mean, thus Gt = 0 and the rate depends only
on the within-class covariance structure. On the other hand, when the modes lie
far from the global mean and their offsets are aligned, ∥Gt∥ becomes large, and
so does κup

t , which may slow convergence.

4.4 Comparison between Different Latent Distributions

So far, we have established the convergence rate of GD for FM with affine velocity
fields under general data assumptions (Lemma 1) and when both the data and
latent distributions follow an MoG (Theorem 1). In practice, however, the default
setting for the latent distribution in FM is the isotropic Gaussian distribution.
Thus, it remains unclear whether, for a fixed data distribution, choosing an MoG
as the latent distribution yields any convergence gain over an isotropic Gaussian.

In this section, we characterize and compare the convergence rate and train-
ing loss of FM when the data distribution is an MoG and the latent distribution
is either an MoG or an isotropic Gaussian. We refer to these two scenarios as
MoG→MoG and MoG→SG, respectively. For simplicity, we restrict the analysis
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to symmetric two-mode mixture of Gaussian distributions. Mathematically,

q1 : x1 ∼1

2
N (−µ, ρ2I) +

1

2
N (µ, ρ2I),

q0 : x0 ∼

{
1
2N (−µ′, ρ′2I) + 1

2N (µ′, ρ′2I), MoG → MoG,

N (0, I), MoG → SG.

(16)

We next ask whether a simple coupling between x0 and x1 can approximately
achieve OT in both the MoG→MoG and MoG→SG scenarios. To this end, we
introduce the following mode-wise affine coupling qmwac ∈ Γ (q0, q1).

Definition 1 (Mode-wise affine coupling). For any (x0,x1) ∼ qmwac, given
the latent variable S ∼ Unif{−1, 1}, we have

x1 | (S = s) ∼ N (s · µ, ρ2 · I), (17)

x0 | (x1, S = s) =

{
(x1 − s · µ)ρ′/ρ+ s · µ′, MoG → MoG,

(x1 − s · µ)/ρ, MoG → SG.
(18)

Σc
1 = ρ′

2
I, Σc

0 = ρ′
2
I (19)

By construction, the marginal distribution of x1 is a symmetric two-mode
MoG with means ±µ and per-mode covariance ρ2I, while the marginal of x0

is an MoG with parameters µ′, ρ′ in the MoG→MoG scenario and the isotropic
Gaussian in MoG→SG. A natural question is whether this simple coupling is
near-optimal in the transport sense. The following lemma characterize the con-
ditions under which the mode-wise affine coupling defined above can approxi-
mately lead to OT in both scenarios.

Lemma 2. ∀ϵ > 0, if (i) µ′ = rµ, 0 ≤ r ≤ R < 1, (ii) ∥µ∥ ≳ ϵ−1, and (iii)
0 < ρ, ρ′ ≤ C for some C > 1, then the mode-wise affine coupling in Definition
1 satisfies that for both MoG → MoG and MoG → SG from x1 to x0,

J (qmwac) ≤ (1 +O(ϵ))W2
2 (q0, q1). (20)

Lemma 2 shows that when the latent mean is large enough with the co-
variance upper bounded by a constant, and the mean of the data and latent
distributions are collinear (See conditions in Lemma 2), the mode-wise affine
coupling (18) from x1 to x0 achieves an ϵ-OT. This means that the transport
cost J (see definition in §2.2) of the coupling exceeds the squared Wasserstein-2
distance by at most an O(ϵ) factor. The intuition behind this result is that if
the mass of the MoG is concentrated around cluster centers that are far apart
from each other, then the OT can be approximately realized by a uniform trans-
lation and rescaling between the corresponding centers of x1 and x0. The proof
of Lemma 2 is in Appendix B.4.

Next, under the setting where a linear coupling can achieve approximate OT,
we analyze what distribution parameters can make MoG→MoG yield better
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training performance than MoG→SG. Let κ̄ := κ(Et∼Unif[0,1]Σt). If we consider
a time-shared model Ā = At for any t ∼ Unif[0, 1], then κ̄ is exactly the con-
dition number of Ā by (6), which has practical significance because real-world
velocity networks share the same parameters across different time steps rather
than specifying a separate model for each time step. Denote L̄(0) as the expected
loss over t ∼ Unif[0, 1] under zero initialization, which equals E[∥x1−x0∥2], i.e.,
the expected squared magnitude of the conditional velocity induced by the cou-
pling. Thus, a smaller initialization loss indicates a shorter and simpler transport
path that the velocity model needs to learn. Based on the above notations, we
state the following theorem.

Theorem 2. For any ϵ > 0, if (i) 0 ≤ r ≤ min{ 1
2 ,

4ρ(ρ−1)
ρ2+ρ+1}, (ii) ρ > 1, (iii)

ρ′ ∈ (ρ, 2ρ − 1), and conditions in Lemma 2 hold, we have that the mode-wise
affine mapping (18) satisfies

J (qmwac) ≤ (1 +O(ϵ))W2
2 (q0, q1) and

{
κ̄(MoG→MoG) ≤ κ̄(MoG→SG),

L̄(0)
(MoG→MoG) ≤ L̄(0)

(MoG→SG),
(21)

The complete proof of Theorem 2 can be found in Appendix B.5. The main
idea is to compute each κ̄ and L̄(0), and then solve (21). To provide a clearer
understanding of Theorem 2, we present an example of the parameter setting.
Example. The following parameters satisfy conditions (i)-(iii) in Theorem 2:
r = 0.5, ρ = 1.4, ρ′ = 1.47, d = 10, µ = 0.2 · 1d, and µ′ = 0.1 · 1d. We provide
experimental validation of this example in Appendix C.

Remark 1. To simplify the analysis, under the assumption that the means of the
data and latent MoG distributions are collinear, Theorem 2 provides parameter
conditions under which MoG→MoG achieves a smaller initial loss and faster
convergence (i.e., a smaller condition number) than MoG→SG. In particular,
conditions (i)-(iii) show that when considering the same model parameter shared
across different time steps, if the relative distances between the cluster centers of
the input data are large, then using an MoG as the latent distribution obtained
via mode-wise affine coupling, where the means are contracted toward the center,
and the covariances only change slightly, yields a better-conditioned objective
with smaller initial transport complexity than using an isotropic Gaussian as the
latent distribution. The intuition is that transporting from µ to µ′ = rµ requires
a shorter distance than transporting from µ to 0, which leads MoG→MoG to
achieve better performance than MoG→SG.

5 Experiments

5.1 Synthetic Datasets

We first validate PFM on a 2D checkerboard dataset, which exhibits clear mul-
timodal structure. The following latent distributions are compared: an isotropic
Gaussian, learned MoGs with C ∈ {2, 4} modes; the latent and data distributions
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Fig. 2: FM on the checkboard dataset using isotropic Gaussian (top) and learned MoG
with C = 2 (middle) and 4 (bottom) modes as latent distributions.

are coupled by OT (§2.2). For each variant, we parameterize the velocity field
with a multi-layer perceptron and trained it for the same number of iterations.
More details are provided in §C.

Figure 2 (left) shows the learned probability paths using an isotropic Gaus-
sian latent (top row) compared with PFM using C = 2 (middle) and C = 4
(bottom) modes. With the isotropic Gaussian, the generated density (t = 1)
is blurry. As seen in earlier time steps (t = 0.2, 0.4), the velocity field has to
‘separate’ different modes. In contrast, the MoG latent generates a cleaner den-
sity at t = 1. One can observe that at t = 0, the latent already captures the
coarse structure of the checkerboard, enabling the velocity field to perform less
reorganization during the flow. Figure 2 (right) further demonstrates that PFM
provides higher generation quality at low NFE: with NFE=4, the isotropic base-
line (top) produces a blurred density, while MoGs with C = 4 and C = 8 (middle
and bottom) both yield a sharp checkerboard pattern.

5.2 Unconditional Image Generation on Realistic Datasets

The goal of the experiments here is to show that FM models benefit from replac-
ing the latent distribution from an isotropic Gaussian to a learned MoG under
comparable experiment settings. Meanwhile, we acknowledge that the perfor-
mance can be further improved by extensively searching the hyperparameters
for individual methods, which require significant computational resources and is
covered by prior works; see for instance [12,20,21].

Method. We evaluate PFM on unconditional image generation using CIFAR-10
and ImageNet, where the input images are of size 32×32 pixels. We train both
the baseline OT-CFM and the proposed PFM under identical settings, with the
only difference being that the former uses an isotropic Gaussian as the latent
distribution and the latter uses a learned MoG. In particular, the models are
trained in pixel space and the velocity fields are parameterized by the ADM
architecture [10]. For reference, we also include the results reported by exist-
ing works, including DDPM [17], Stochastic Interpolants [1], FM [26], I-CFM
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and OT-CFM [40], MTC [24], and MFM [33]. We provide more implementation
details as well as additional experiments in Appendix C.
Metrics. We report Fréchet Inception Distance (FID) [16] computed over 50K
generated samples. At inference, we integrate the learned velocity field using the
midpoint ODE solver and vary the NFE to assess sampling efficiency.

Table 2: Unconditional generation results on CIFAR-10 (left) and ImageNet 32× 32
(right). A “∗” next to the method indicate the numbers are reproduced since they are
not reported in original papers.

Method Solver NFE FID↓

ODE/SDE-based methods
DDPM – 1000 3.17
DDPM dopri5 274 7.48
St. Interpolants – – 10.27
FM dopri5 142 6.35
I-CFM euler 100 4.46
I-CFM euler 1000 3.64
I-CFM dopri5 146 3.66

Improved training
OT-CFM∗ midpoint 4 9.20
OT-CFM∗ midpoint 8 7.02
OT-CFM∗ midpoint 12 6.24
MTC heun 5 18.74

Our results
PFM midpoint 4 8.52
PFM midpoint 8 6.07
PFM midpoint 12 5.71

Method Solver NFE FID↓

ODE/SDE-based methods
St. Interpolants – – 8.49
FM dopri5 122 5.02

Improved training
MFM - BatchOT midpoint 4 17.28
MFM - BatchOT midpoint 8 8.73
MFM - BatchOT midpoint 12 7.18
MFM - Stable midpoint 4 21.82
MFM - Stable midpoint 8 9.99
MFM - Stable midpoint 12 7.84

Our results
PFM midpoint 4 9.90
PFM midpoint 8 6.84
PFM midpoint 12 6.52

Results on CIFAR. Figure 3 and Table 2 (left) summarize the results on
CIFAR-10. Notably, under identical training settings, PFM consistently outper-
forms the OT-CFM baseline across all NFE budgets: at NFE = 4, PFM achieves
an FID of 8.52 versus 9.20 for OT-CFM; and at NFE = 12, 5.71 versus 6.24.
These improvements are most pronounced at low NFE, which confirms that the
MoG latent produces simpler flow trajectories that are easier to integrate with
few steps. Further, Figure 3 (a–b) shows that PFM reaches the same FID as
OT-CFM in roughly 25–50% fewer training iterations: e.g., at NFE = 2, PFM
attains the final OT-CFM quality in 50K iterations, whereas OT-CFM requires
the full 100K. Figure 3 (c) displays the FID as a function of NFE at 100K
iterations, showing that PFM dominates OT-CFM across the entire NFE range.
Results on ImageNet (32× 32). Table 2 (right) reports results on ImageNet
(32×32). As seen, PFM improves over alternative methods given the same NFE
budget. For instance, it achieves FIDs of 9.90, 6.84, and 6.52 at NFE = 4, 8, and
12, respectively, compared to 17.28, 8.73, and 7.18 for MFM-BatchOT.
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Fig. 3: PFM yields lower FID than the baseline with the same number of training
iterations. Both methods are trained with identical settings on CIFAR-10, except that
OT-CFM uses isotropic Gaussian and PFM uses learned MoG as the latent distribution.

6 Conclusion

In this paper, we introduce PFM, which replaces the isotropic Gaussian latent
with an MoG whose modes better align with the structure of the data. We
investigate practical design choices of the MoG latent distribution that enables
efficient FM, and justify them through empirical and theoretical analysis. On
CIFAR-10 and ImageNet, PFM matches the generation quality of OT-CFM in
much fewer training iterations and produces higher-quality samples for the same
NFE. These results confirm that aligning the latent distribution with the data
structure is a simple yet effective strategy for improving both training efficiency
and sample quality in FM.
Limitations and future work. Our current experiments focus on uncondi-
tional generation at moderate resolutions. Extending PFM to class-conditional
generation or higher-resolution generation is a natural next step. Additionally,
exploring more expressive latent families beyond MoGs, as well as adaptive
strategies for selecting the number of mixture components, are promising di-
rections. Finally, integrating PFM with improved ODE solvers and distillation
techniques may yield further gains in few-step generation.
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Organization of the Appendix

– In §A, we review prior works in flow matching, focusing on trajectory straight-
ening for FM and a self-contained derivation of FM.

– In §B, we provide proofs for all theoretical results stated in the main paper,
as well as extra results including affine velocity field with a bias term.

– In §C, we present extra experiments (simulation and ablation study) as well
as details on the experiment setup.

– In §D, we compile all the notations used in the paper.

A Review of Prior Art

In §2.1, we review prior works on trajectory straightening for FM. We are aware
that more techniques for improving training and sampling efficiency of FM exist,
as briefly pointed out in §1. The proposed PFM method can be viewed as orthog-
onal improvements, since PFM focuses on the design of the latent distribution.
In particular, PFM can be used in conjunction with these approaches.

In §A.2, we review a minimal construction of FM used in the paper. For more
derivations and properties of FM, we refer readers to the original papers [1,26,29]
and a recent survey [27]. See also a survey connecting generative models to the
manifold hypothesis [30].

A.1 Trajectory Straightening for FM

A key insight for efficient flow matching is that straighter flow trajectories require
a smaller NFE at inference time. At least two families of approaches arise:

– Optimal Transport Coupling. The motivation traces back to the opti-
mization problem of dynamic OT, where the optimal flow trajectory is guar-
anteed to be straight [2, Proposition 1.1]. To learn such a flow, two types
of methods emerge. One is called rectified flow [28,29], which involves itera-
tively learning a new flow using the coupling induced by the previous flow;
such a procedure is shown to be a certain alternating descent algorithm
on the dynamic OT objective [28, §5.4]. The other method is mini-batch
OT, which trains the flow with data and latent samples paired by OT on
each mini-batch; we covered this in §2.2. It has been shown that mini-batch
OT optimizes the dynamic OT objective in the limit under certain assump-
tions [33, Theorem 4.2] and [40, Proposition 3.4].

– Velocity Regularization. Another family of approaches regularizes the
velocity field via loss terms or parameterizations. For example, the work
of [42] promotes the velocity fields along the flow trajectory to be consistent,
or piece-wise so. Meanwhile, the authors of [22] constructs the vector field to
be gradients of convex functions and the trajectories as straight lines, and
shows that the optimal such velocity field solves the dynamic OT problem.
Further, the work of [14] devised a way to learn average velocity, which is
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the displacement along a flow trajectory divided by the time interval. Such
an average velocity is straight in the sense that it allows for computing a
partial flow map from any start and end time with one NFE.

A.2 Review of Flow Matching

We use flow-matching to build our framework. The basic element in flow-matching
is the velocity field ut : Rd → Rd for time t ∈ [0, 1], which defines an ordinary
differential equation (ODE) for the flow ϕt : Rd → Rd:

d

dt
ϕt(x) = ut(ϕt(x)), ϕ0(x) = x. (22)

The flow ϕt is applied to an initial distribution p0 so that the marginal distribu-
tion at time t is pt = (ϕt)#p0. With the above context, the goal of flow-matching
is to design a ground-truth ut such that

p0 ≈ q0 and p1 ≈ q1, (23)

and learn to estimate ut via a neural network vθ.
One major design choice is the coupling distribution q(x0,x1) of latent x0

and data x1. For now, we assume q(x0,x1) exists. The conditional flow matching
framework [40] provides a way to construct the probability path pt and velocity
field ut. In particular, it defines a probability path pt(x) as

pt(x|x0,x1) = N
(
x|tx1 + (1− t)x0, σ

2
)
, (24)

pt(x) =

∫
pt(x|x0,x1)q(x0,x1)dx0dx1, (25)

which satisfies the following property:

Proposition 1. The probability path pt corresponding to q(x0,x1) satisfies that
p1 = q1 ∗N

(
0, σ2

)
and p0 = q0 ∗N

(
0, σ2

)
, where ∗ is the convolution operator.

A proof can be adapted from [40]. When σ → 0, N
(
x | 0, σ2

)
becomes a Dirac

delta function, so p1 = q1 and p0 = q0; this satisfies the goal in (23). Now, the
velocity field ut(x) is defined by

ut(x|x0,x1) = x1 − x0, (26)

ut(x) = Eq(x0,x1)
ut(x|x0,x1)pt(x|x0,x1)

pt(x)
. (27)

It is not hard to show that the so-defined velocity field ut(x) indeed generates
the probability path pt(x), i.e., they satisfy the continuity equation.

To learn the velocity field, one minimizes the following objective:

LCFM(θ) := E t,q(x0,x1),
pt(x|x0,x1)

∥vθ(x, t)− ut(x|x0,x1)∥2

The training algorithm is given in Algorithm 1.
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Algorithm 1 Flow Matching Training
1: for each training step do
2: Sample x0,x1 ∼ q(x0,x1)
3: Sample t ∼ U [0, 1]
4: Compute xt = tx1 + (1− t)x0

5: Compute g = ∇θ∥vθ(xt, t)− (x1 − x0)∥22
6: Update θ using optimizer with g
7: end for

B Proofs and Auxiliary Theoretical Results

B.1 Complementary Results

In §4, we presented the key theoretical results of this paper. To complete the
picture and provide a more detailed characterization of convergence for flow
matching with affine velocity fields, we establish several additional results in
this section.

First, we will review the classic convergence results for convergence rate of GD
for regression problems. Similar results and proof can be found in [32, Theorem
2.1.15].

Lemma 3 (Linear regression: geometry and rates of convergence).
Let z ∈ Rp and y ∈ Rd be random vectors with E[zz⊤] := Z ≻ 0. Consider the
expected least squares

L(W ) := E
[
∥Wz − y∥22

]
, W ∈ Rd×p.

Let C := E[yz⊤]. Then:

1. Gradient & Hessian.

∇WL(W ) = 2 (WZ −C).

The Hessian as a linear map acting on a perturbation ∆ ∈ Rd×p is

∇2L(W )[∆] = 2∆Z.

2. Strong convexity & smoothness. L(W ) is µ-strongly convex and L-
smooth with respect to ∥ · ∥F , where

µ = 2λmin(Z), L = 2λmax(Z).

3. Exact dynamics of GD. Let W ⋆ be the unique minimizer (W ⋆Z = C).
Consider GD with step size η > 0:

W k+1 = W k − η∇WL(W k) = W k − 2η(W kZ −C).

Then the iterates satisfy

W k −W ⋆ = (W 0 −W ⋆)
(
Ip − 2ηZ

)k
.
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Further, the objective gap satisfies

L(W k)− L(W ⋆) =

p∑
i=1

λi

∣∣1− 2ηλi

∣∣2k ∥gi∥22,

where Z = U diag({λi}pi=1)U
⊤ is the eigendecomposition and gi := (W 0 −

W ⋆)ui ∈ Rd. Each eigendirection contracts as ∥(W k − W ⋆)ui∥2 =
∣∣1 −

2ηλi

∣∣k ∥(W 0 −W ⋆)ui∥2.
4. Canonical rate with the optimal fixed step. If the step size is set to

η⋆ = 2
µ+L = 1

λmin(Z)+λmax(Z) , then

∥W k −W ⋆∥F ≤ ρk ∥W 0 −W ⋆∥F , (28)

L(W k)− L(W ⋆) ≤ ρ2k
(
L(W 0)− L(W ⋆)

)
, (29)

where ρ := κ(Z)−1
κ(Z)+1 .

Proof. We prove the parts in order.
Gradient & Hessian. Let us expand the objective:

L(W ) = E
[
∥Wz − y∥22

]
= E

[
Tr
(
(Wz − y)(Wz − y)⊤

)]
= Tr(W E[zz⊤]W⊤)− 2Tr(E[yz⊤]W⊤) + E[∥y∥22]
= Tr(WZW⊤)− 2Tr(CW⊤) + E[∥y∥22].

Therefore, the gradient is given by

∇WL(W ) = 2WZ − 2C = 2(WZ −C).

For any perturbation ∆, the differential of the gradient is

∇2L(W )[∆] = 2∆Z.

Strong convexity & smoothness. For any ∆, we have that

⟨∆,∇2L(W )[∆]⟩ = 2 tr(∆Z∆⊤)

∈
[
2λmin(Z)∥∆∥2F , 2λmax(Z)∥∆∥2F

]
. (30)

Exact dynamics of GD. Note that

W k+1 = W k − η∇WL(W k) (31)
= W k − 2η(W kZ −C) = W k(Ip − 2ηZ) + 2ηC.

Further, since the optimum satisfies W ⋆Z = C, we have

W ⋆ = W ⋆(Ip − 2ηZ) + 2ηC, (32)
⇒ W k+1 −W ⋆ = (W k −W ⋆)(Ip − 2ηZ). (33)
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Iterating the relation yields

W k −W ⋆ := (W 0 −W ⋆)(Ip − 2ηZ)k. (34)

Moreover, starting from the quadratic expansion of L and subtracting the value
at the optimum,

L(W )− L(W ⋆) (35)

= tr(WZW⊤)− 2 tr(CW⊤) (36)

− tr(W ⋆ZW⊤
⋆ ) + 2 tr(CW⊤

⋆ ) (37)

= tr
(
(W −W ⋆)Z(W −W ⋆)

⊤) (38)

+ 2 tr
(
W ⋆Z(W −W ⋆)

⊤)− 2 tr
(
C(W −W ⋆)

⊤)
= tr

(
(W −W ⋆)Z(W −W ⋆)

⊤), (39)

where we used W ⋆Z = C. Plugging in W k, we obtain

L(W k)− L(W ⋆) (40)

= tr
(
(W 0 −W ⋆)(Ip − 2ηZ)k Z (Ip − 2ηZ)k(W 0 −W ⋆)

⊤
)

= tr
(
(W 0 −W ⋆)U diag

(
(1− 2ηλi)

2kλi

)
U⊤ (W 0 −W ⋆)

⊤
)

= tr
(
G diag

(
(1− 2ηλi)

2kλi

)
G⊤
)

(41)

=
∑
i

λi |1− 2ηλi|2k ∥gi∥22. (42)

Thus each eigendirection contracts by |1 − 2ηλi| per step. The step size that
minimizes maxi |1− 2ηλi| is η⋆ = 1

λ1+λp
= 2

µ+L , which yields the rates

∥W k −W ⋆∥F ≤ ρk∥W 0 −W ⋆∥F , (43)

L(W k)− L(W ⋆) ≤ ρ2k
(
L(W 0)− L(W ⋆)

)
. (44)

where ρ = κ(Z)−1
κ(Z)+1 .

Recall in Lemma 1, we characterize the convergence of GD for centered case.
In this section, we provide a more general case where we allow the data and
latent distributions to have arbitrary mean. Here, we will consider the following
affine velocity models vθ(x, t) = Atx+bt by minimizing the flow-matching loss

Lt(At, bt) = E
[∥∥Atxt + bt − y

∥∥2
2

]
. (45)

Proposition 2 (GD: Rate of Convergence (Non-Centered)). Fix t ∈
[0, 1] and consider GD on Lt(At, bt) in (45). Define

Zaug :=

[
Σt 0
0⊤ 0

]
+

[
µt

1

] [
µt

1

]⊤
.
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With an optimal step size η⋆ = 1
λmin(Zaug)+λmax(Zaug)

, the iterates satisfy∥∥[A(k)
t b

(k)
t ]− [A⋆

t b⋆t ]
∥∥
F
≤ ρkaug

∥∥[A(0)
t b

(0)
t ]− [A⋆

t b⋆t ]
∥∥
F
, (46)

Lt(A
(k)
t , b

(k)
t )− L⋆

t ≤ ρ2kaug
(
Lt(A

(0)
t , b

(0)
t )− L⋆

t

)
, (47)

where ρaug :=
κ(Zaug)−1
κ(Zaug)+1 .

Proof (Proof of Proposition 2). Set in Lemma 3 the feature and weight to

z :=

[
xt

1

]
, W :=

[
A b

]
∈ Rd×(d+1).

Then Lt(A, b) = E
[
∥Wz−y∥22

]
is exactly of the form in Lemma 3, with second

moment

E[zz⊤] =

[
E[xtx

⊤
t ] E[xt]

E[xt]
⊤ 1

]
=

[
Σt + µtµ

⊤
t µt

µ⊤
t 1

]
=

[
Σt 0
0⊤ 0

]
+

[
µt

1

] [
µt

1

]⊤
= Zaug. (48)

By Lemma 3, using the optimal fixed step η⋆ = 1
λmin(Zaug)+λmax(Zaug)

yields the
stated rates.

Finally, we derive closed-form expression for A∗
t to complete this section.

Proposition 3 (Lt-Optimal Affine Flow). Assume Σt is invertible. The
minimizer (A⋆

t , b
⋆
t ) of Lt in (45) satisfies

A⋆
t = ΣytΣ

−1
t , b⋆t = µy −A⋆

tµt, (49)

which yields the optimal velocity field

v⋆t (x) = ΣytΣ
−1
t (x− µt) + µy. (50)

Moreover, the optimal objective value is

L⋆
t = Tr(Σyy)− Tr

(
ΣytΣ

−1
t Σ⊤

yt

)
. (51)

This result shows that under an affine velocity model, the optimal velocity field
depends only on the first and second order statistics of (xt,y), regardless of how
complicated the distribution of (x0,x1) may be.

Proof (Proof of Proposition 3). We will use the identities

E[xtx
⊤
t ] = Σt + µtµ

⊤
t , E[yx⊤

t ] = Σyt + µyµ
⊤
t ,
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and let Σyy := Cov(y) so that E[yy⊤] = Σyy + µyµ
⊤
y .

Lt(A, b) = E
[
∥Axt + b− y∥22

]
(52)

= E
[
Tr
(
(Axt + b− y)(Axt + b− y)⊤

)]
= Tr

(
AE[xtx

⊤
t ]A

⊤)+ 2Tr
(
bE[xt]

⊤A⊤)
− 2Tr

(
E[yx⊤

t ]A
⊤)+ ∥b∥22 − 2 b⊤E[y] + E[∥y∥22]

= Tr
(
A(Σt + µtµ

⊤
t )A

⊤)+ 2Tr
(
(b− µy)µ

⊤
t A

⊤)
− 2Tr

(
ΣytA

⊤)+ ∥b− µy∥22 +Tr(Σyy). (53)

The first-order optimality conditions are

∂Lt

∂b
= 2(Aµt + b− µy) = 0, (54)

∂Lt

∂A
= 2
(
A(Σt + µtµ

⊤
t ) + bµ⊤

t − (Σyt + µyµ
⊤
t )
)
= 0. (55)

Hence b⋆(A) = µy −Aµt, and substituting gives

AΣt = Σyt.

If Σt is invertible, (49) and (50) follow. Plugging (A, b) = (A⋆
t , b

⋆
t ) into (53),

the cross term with µt vanishes and we obtain

L⋆
t = tr

(
A⋆

t (Σt + µtµ
⊤
t )(A

⋆
t )

⊤)− 2 tr
(
Σyt(A

⋆
t )

⊤)
+ ∥b⋆t − µy∥22 + tr(Σyy)

= tr
(
A⋆

tΣt(A
⋆
t )

⊤)− 2 tr
(
Σyt(A

⋆
t )

⊤)+ 0 + tr(Σyy)

= − tr
(
Σyt(A

⋆
t )

⊤)+ tr(Σyy)

= − tr
(
Σyt Σ

−1
t Σ⊤

yt

)
+ tr(Σyy),

where we used A⋆
t = ΣytΣ

−1
t and b⋆t − µy = 0. This proves (51).

B.2 Proof of Lemma 1

Proof. By definition, xt = (1− t)x0+ tx1 and y = x1−x0. For the covariances,
use bilinearity of Cov(·, ·):

Σt = Cov
(
(1− t)x0 + tx1

)
= (1− t)2 Cov(x0,x0) + t2 Cov(x1,x1)

+ t(1− t)
(
Cov(x0,x1) + Cov(x1,x0)

)
= (1− t)2 Σ0 + t2 Σ1 + t(1− t) (Σ01 +Σ⊤

01), (56)
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and

Σyt = Cov
(
x1 − x0, (1− t)x0 + tx1

)
= (1− t)

(
Cov(x1,x0)− Cov(x0,x0)

)
+ t
(
Cov(x1,x1)− Cov(x0,x1)

)
= (1− t) (Σ⊤

01 −Σ0) + t (Σ1 −Σ01). (57)

If x0 and x1 are independent, then Σ01 = 0, yielding the stated reductions.

B.3 Proof of Theorem 1

Proof. First, we prove that under the data assumptions in Section 4.3, (13)–(14)
hold.

Conditioned on the class z = c, one first has

x1 = Bcx0, (58)
xt = (1−t)x0 + tx1 (59)

= (1−t)µc
0 + tµc

1 +M t,c(x0−µc
0), (60)

where ∆c := Bc−I and M t,c := I + t∆c = (1−t)I + tBc. Therefore

E[xt | z = c] = (1−t)µc
0 + tµc

1, (61)
Cov(xt | z = c) = M t,cΣ

c
0M t,c. (62)

Using the expressions above and E[x0−µc
0 | z = c] = 0,

Cov(y,xt | z = c)

= ∆cE
[
(x0−µc

0)(x0−µc
0)

⊤ | z = c
]
M t,c (63)

= ∆cΣ
c
0M t,c. (64)

Applying the law of total covariance yields

Σt = E
[
Cov(xt | z)

]
+Cov

(
E[xt | z]

)
(65)

=

C∑
c=1

πcM t,cΣ
c
0M t,c +

C∑
c=1

πcδ
c
t (δ

c
t )

⊤, (66)

Σyt = E
[
Cov(y,xt | z)

]
+Cov

(
E[y | z],E[xt | z]

)
(67)

=

C∑
c=1

πc∆cΣ
c
0M t,c +

C∑
c=1

πc(δ
c
1−δc0)(δ

c
t )

⊤. (68)

This proves (13)–(14).
Next, we prove the convergence rates in (15). For any fixed t ∈ (0, 1), one

can see that the convergence rate is κ(Σt)−1
κ(Σt)+1 . Thus, it suffices to show that

κ(Σt) ≤ κup
t . (69)
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We first prove a lower bound on λmin(Σt).

λmin(Σt) = λmin(Σt,w +Σt,b)

≥ λmin(Σt,w)

= λmin

(
C∑

c=1

πcAt,c

)

≥

(
C∑

c=1

πc

λmin(At,c)

)−1

, (70)

where we use Lemma 4 in the last inequality.

λmin(At,c) = λmin(Mt,cΣ
c
0Mt,c)

≥ λmin(Σ
c
0)σ

2
min(Mt,c)

= λmin(Σ
c
0)σ

2
min(I + t∆c)

≥ λmin(Σ
c
0)(1− t∥∆c∥)2 (71)

Combine Eq. (70) and Eq. (71), one has

λmin(Σt) ≥

(
C∑

c=1

πc

λmin(Σc
0)(1− t∥∆c∥)2

)−1

. (72)

Now, we derive an upper bound on λmax(Σt).

λmax(Σt) = λmax(Σt,w +Σt,b)

≤ λmax(Σt,w) + λmax(Σt,b)

≤
C∑

c=1

πcλmax(At,c) + ∥Σt,b∥

≤
C∑

c=1

πc∥Σc
0∥(1 + t∥∆c∥)2 + ∥Gt∥ . (73)

Thus, one can see that

κ(Σt) ≤ κup
t . (74)

Lemma 4 (Weighted Harmonic-Mean Eigenvalue Bound). Let At,c ∈
Rd×d, c = 1, . . . , C, be symmetric positive definite matrices, and let πc > 0 be
positive weights. Then

λmin

(
C∑

c=1

πcAt,c

)
≥

(
C∑

c=1

πc

λmin(At,c)

)−1

. (75)



28 T. Ding et al.

Proof. The proof proceeds in two steps.
First, for each c, since At,c is symmetric positive definite, we have At,c ⪰

λmin(At,c) I. Multiplying by πc > 0 and summing over c = 1, . . . , C preserves
the PSD order, giving

C∑
c=1

πcAt,c ⪰

(
C∑

c=1

πc λmin(At,c)

)
I.

Since the minimum eigenvalue is monotone with respect to the PSD order, it
follows that

λmin

(
C∑

c=1

πcAt,c

)
≥

C∑
c=1

πc λmin(At,c). (76)

Then, let µc := λmin(At,c) > 0. Applying the weighted AM–HM inequality
to the positive scalars µ1, . . . , µC with weights πc > 0 yields

C∑
c=1

πc µc ≥

(
C∑

c=1

πc

µc

)−1

. (77)

Finally, we combine (76) and (77) to get the stated inequality:

λmin

(
C∑

c=1

πcAt,c

)
≥

C∑
c=1

πc λmin(At,c) ≥

(
C∑

c=1

πc

λmin(At,c)

)−1

.

B.4 Proof of Lemma 2

Proof. (a) We first study the case of MoG→MoG.
One can compute that

J (qmwac) = E[∥x1 − x0∥2] = (1− r)2∥µ∥2 + d(ρ− ρ′)2. (78)

Note that the covariance matrices of the distribution of q1 and q0 are

Σ1 = ρ2I + µµ⊤, Σ0 = ρ′
2
I + r2µµ⊤, (79)

respectively. Since that µ′ = rµ, Σ1 and Σ0 share the same eigenvectors. In the
direction of µ, their eigenvalues are ρ2 + ∥µ∥2 and ρ′

2
+ r2∥µ∥2, respectively.

In the direction of the orthogonal subspace of µ, the eigenvalues are ρ2 and
ρ′

2, respectively. By the covariance lower bound for the squared Wasserstein-2
distance, we have

W2
2 (q0, q1) ≥ (

√
ρ2 + ∥µ∥2 −

√
ρ′2 + r2∥µ∥2)2 + (d− 1)(ρ− ρ′)2. (80)

Since that ∥µ∥ ≳ ϵ−1, we have

(
√
ρ2 + ∥µ∥2 −

√
ρ′2 + r2∥µ∥2)2 ≥ (1−O(ϵ))(1− r)2∥µ∥2. (81)
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Therefore, by combining (78) and ρ, ρ′ ≤ C, we can obtain

W2
2 (q0, q1) ≥ (1−O(ϵ))J (qmwac), (82)

which is equivalent to

J (qmwac) ≤ (1 +O(ϵ))W2
2 (q0, q1). (83)

(b) We then study the case of MoG→SG.
One can obtain that

J (qmwac) = E[∥x1 − x0∥2] = ∥µ∥2 + d(ρ− 1)2. (84)

The covariance lower bound now gives

W2
2 (q0, q1) ≥ (

√
ρ2 + ∥µ∥2 − 1)2 + (d− 1)(ρ− 1)2. (85)

One can observe that

J (qmwac)− (
√

ρ2 + ∥µ∥2 − 1)2 + (d− 1)(ρ− 1)2

=2(
√
ρ2 + ∥µ∥2 − ρ) ≤ 2∥µ∥.

(86)

Since that ∥µ∥ ≳ ϵ−1, we can obtain that

∥µ∥ ≲ ϵ∥µ∥2. (87)

Therefore,

J (qmwac) ≤W2
2 (q0, q1) + J (qmwac)− (

√
ρ2 + ∥µ∥2 − 1)2 + (d− 1)(ρ− 1)2

≤(1 +O(ϵ))W2
2 (q0, q1).

(88)

B.5 Proof of Theorem 2

Proof. For

x1 ∼ 1

2
N (µ, ρ2I) +

1

2
N (−µ, ρ2I), (89)

and
x0 ∼ 1

2
N (µ′, ρ′2I) +

1

2
N (−µ′, ρ′2I), (90)

we have Cov(x1) = ρ′2I + µ′µ′⊤. Then, we can derive

Σt

=
1

2
(M t,1Σ0M

⊤
t,1 +M t,2Σ0M

⊤
t,2) + ((1− t)µ′ + tµ)((1− t)µ′ + tµ)⊤

=(1 + t(
ρ

ρ′
− 1))2 · ρ′2I + (1 + (1− t)(r − 1))2µµ⊤,

(91)
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and

Σ̄t := Et∼U [0,1][Σt] =
ρ2 + ρρ′ + ρ′2

3
I +

r2 + r + 1

3
µµ⊤ (92)

Note that the Hessian of the flow matching loss Et∈U [0,1][Lt(At, bt)] with Lt(At, bt)
defined in (7) is

H = 2Et∼U [0,1][Σt ⊗ I]. (93)

Then, the condition number is computed as

κ̄(MoG→MoG)

=
λmaxEt∼U [0,1][Σt]

λminEt∼U [0,1][Σt]

=
Et∼U [0,1][(1 + t(ρρ

′ − 1))2]ρ′2 + Et∼U [0,1][(1 + (1− t)(r − 1))2]∥µ∥2

Et∼U [0,1][(1 + (1− t)( ρ
ρ′ − 1))2]ρ′2

=1 +
r2 + r + 1

ρ2 + ρρ′ + ρ′2
∥µ∥2.

(94)

At the initialization when At = 0, bt = 0 for any t ∈ [0, 1], we have

L̄(0)
(MoG→MoG) = Et∼U [0,1][L

(0)
t (At, bt)] =Et∼U [0,1],x0,x1

[∥x1 − x0∥2]

=(1− r)2∥µ∥2 + (ρ′ − ρ)2d.
(95)

For x0 ∼ N (0, I) that is computed by (x1 − s · µ)/ρ given the latent variable
z = s, we have

Σt =E[(xt − E[xt])(xt − E[xt])
⊤]

=E[((1− t)x0 + tx1)((1− t)x0 + tx1)
⊤]

=t2(ρ2I + µµ⊤) + (1− t)2I + 2t(1− t)ρI.

(96)

Then, the condition number is computed as

κ̄(MoG→SG) =
λmaxEt∼U [0,1][Σt]

λminEt∼U [0,1][Σt]

=
1
3 (ρ

2 + ρ+ 1 + ∥µ∥2)
1
3 · (ρ2 + ρ+ 1)

=1 +
1

ρ2 + ρ+ 1
∥µ∥2.

(97)

At the initialization, we have

L̄(0)
(MoG→SG) =Et∼U [0,1][L

(0
t )(At, bt)] = Et∼U [0,1],x0,x1

[∥x1 − x0∥2]

=∥µ∥2 + (ρ− 1)2d.
(98)

Therefore, we need the following condition{
κ̄(MoG→MoG) ≤ κ̄(MoG→SG),

L̄(0)
(MoG→MoG) ≤ L̄(0)

(MoG→SG),
(99)
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which holds if 
0 ≤ r ≤ min{ 1

2 ,
4ρ(ρ−1)
ρ2+ρ+1},

ρ > 1,

ρ′ ∈ (ρ, 2ρ− 1).

(100)

This is because κ̄(MoG→MoG) ≤ κ̄(MoG→SG) holds if ρ, ρ′ > 1 and 0 ≤ r ≤
min{ 1

2 ,
4ρ(ρ−1)
ρ2+ρ+1}. L̄

(0)
(MoG→MoG) ≤ L̄(0)

(MoG→SG) also indicates ρ′ < 2ρ− 1.

C Experiments

C.1 Additional Simulation of Theorem 2

Theorem 2 gives parameter conditions under which MoG→MoG achieves a
smaller convergence rate and FM loss than MoG→SG. Below Theorem 2 we pro-
vide an example that satisfies these conditions. Here, we conduct a simulation
to validate that this example satisfies Theorem 2 and to visualize the conver-
gence rates. Figure 4 (a) and (b) present the update trends of the FM loss and
Et∼Unif[0,1]∥Ak −A∗∥F under the scenarios of MoG→MoG and MoG→SG, re-
spectively. The results show that MoG→MoG has both a smaller initial loss and
a smaller converged loss. κ̄(MoG→MoG) is computed as 1.112 and κ̄(MoG→SG) =
1.167. Therefore, the condition in ((21)) of Theorem 2 holds in this example.

C.2 Additional Ablation Study on Realistic Datasets

EM vs k-means. In §3.2, we argued that k-means is preferable to EM for learn-
ing the MoG parameters because of its lower per-iteration cost. Here, we first
explain why this may lead to better estimates, then provide empirical evidence
and implementation details. Both EM and k-means solve non-convex optimiza-
tion problems and are thus prone to local optima [19,35,37]. A standard remedy
is to run multiple initializations and keep the solution with the best objective
value, and in general the more initializations and iterations per initialization one
can afford, the better the resulting estimate. Since k-means has low per-iteration
cost, we can run it for more initializations and more iterations within each ini-
tialization under the same time budget. Empirically, as seen in Figure 4 (d), for
estimating an MoG with C = 10 on CIFAR-10, EM is about 165× slower than
k-means. Both algorithms are run on the same machine, with the maximum
number of iterations set to 50 and the number of initializations set to 1. This
gap reflects not only the algorithmic complexity above, but also the fact that
efficient implementations of k-means on GPU are widely available in standard
libraries3, while EM in scikit-learn (also used by the work of [23]) is CPU-based
and not as efficient.
Choice of C. Here we discuss how to choose the number of components C
used in the Gaussian mixture when it is not known a priori. We perform a
3 See the faiss-gpu https://github.com/facebookresearch/faiss and cuML li-

braries https://docs.rapids.ai/api/cuml/stable/; this paper uses the former.

https://github.com/facebookresearch/faiss
https://docs.rapids.ai/api/cuml/stable/
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Fig. 4: (a)–(b) Additional simulation of the companion example of Theorem 2 in §4.4.
(c)–(d) Additional ablation studies on the design choices of latent MoG in §3.

simple grid search: for each C ∈ {1, 10, 20, 40}, we run k-means clustering on
the training data to obtain the cluster assignments, estimate the per-component
means and covariances, and evaluate the FID of samples drawn from the resulting
regularized MoG. This FID does not require training the network, and the search
over the grid can be run in parallel. As shown in Figure 4 (c), on CIFAR-10,
C = 10 offers the best FID at initialization, while too large or too small values
appear to hurt performance. Thanks to the fast GPU-based k-means, the entire
search takes about 10 minutes in total, roughly 1% of the FM training time;
thus, selecting C adds negligible overhead to the overall pipeline.

C.3 Details on Synthetic Experiments

We train a small MLP with 4 hidden layers of 128 units each and Swish acti-
vations (∼50K parameters), taking as input the concatenation of the 2D spatial
coordinate and the scalar time t, and outputting the 2D velocity.

C.4 Details on CIFAR-10 and Imagenet Experiments

For the MoG latent, we run k-means clustering with C = 10 components on
the training data before training begins; this preprocessing step takes less than
1% of the total training time. The per-component means and covariances are
estimated from the cluster assignments, and the eigenvalues of each covariance
are regularized with threshold τ = 1 (cf. §3.2 and Table 1). The MoG parameters
are fixed throughout training. All models are trained with the Adam optimizer
using a learning rate of 2×10−4, batch size of 512, gradient clipping at norm 1.0,
and 5,000 warmup steps. We train for 100K iterations on CIFAR-10 and 200K
iterations on ImageNet (32×32).

D Notations

For convenience, we summarize the notations used in the paper in Tables 3 and 4.
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Table 3: General Notations for the paper.

Notation Description

d dimension of the data space
t time variable of the flow, t ∈ [0, 1]
k, K gradient descent iteration index / total iterations
σ noise standard deviation in the conditional path
τ eigenvalue regularization threshold
B mini-batch size

x0, x1 data / latent sample
xt interpolated point, defined in (5)
y velocity conditioned on x0 and x1 as defined in (5)

p0, p1 data / latent marginal distributions
pt marginal distribution at time t
pt(x | x0,x1) conditional probability path defined in (2)
q(x0,x1) coupling distribution over data–latent pairs
Γ (q0, q1) set of all couplings between q0 and q1

N (µ,Σ) Gaussian distribution with mean µ and covariance Σ
C number of Gaussian components in the MoG
c, z component index / variable in {1, . . . , C}
πc mixing weight for component c (4)
µc

0, µ
c
1 mean of component c (data / latent) (4)

Σc
0, Σ

c
1 covariance of component c (data / latent) (4)

δct interpolated mean offset, (1−t) δc0 + t δc1

ut(x) ground-truth velocity field defined in (1)
vθ(x, t) velocity model with parameters introduced in θ (3)
ϕt flow map induced by ut(x), defined in (1)
(ϕt)# pushforward operator of ϕt

LCFM(θ) conditional flow matching loss defined in (3)
J (γ) transport cost for coupling γ
W2

2 squared Wasserstein-2 distance
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Table 4: Notations for theoretical analysis (§4)

Notation Description

I identity matrix
At affine velocity matrix at time t defined above (7)
A∗

t optimal affine velocity matrix at time t
Lt(At) flow matching loss at time t defined in (7)
Bc OT transport map for component c
∆c covariance perturbation, Bc − I

λmin(·), λmax(·) minimum / maximum eigenvalue
κ(·) condition number, λmax/λmin

κup
t upper bound on the condition number at time t (15)

ρt GD contraction factor at time t
ηt, η

∗
t step size in (8) and the optimal one in Lemma 1
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