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Abstract. Vector Neuron Networks (VNNs) are widely used in 3D tasks
for their data efficiency and strong generalization from equivariance.
However, their rigid equivariance constraints hinder handling symmetry-
breaking, where low-symmetry outputs must be inferred from highly
symmetric inputs. In this paper, we reveal the representation collapse is-
sue in VNNs and propose Ada-VNNs, a vector-neuron architecture that
can adaptively relax equivariance constraints according to the symmetry
level of the data. Ada-VNNs introduce an Adaptive Gating Unit (AGU)
to control equivariance relaxation in linear layers, and design a resid-
ual pathway that transforms hard structural constraints into adjustable
soft priors. We further provide a theoretical characterization that links
the learned equivariance behavior to intrinsic symmetry breaking in the
data. Experiments on pose estimation across 26 categories with differ-
ent degrees of symmetry breaking demonstrate that Ada-VNNs enable
data-driven adaptive equivariance adjustment, alleviate representation
collapse, and significantly improve symmetry-breaking capability over
VNN and VN-Transformer, achieving higher performance with almost
no additional overhead.

1 Introduction

Symmetry refers to the property of an object or system that remains unchanged
or invariant under certain transformations [18,34]. Incorporating symmetry as
an inductive bias in machine learning has emerged as a powerful paradigm,
leading to significant conceptual and practical advances [4]. In the 3D domain,
VNN [149120] have become a highly promising class of SO(3)-equivariant models
[7,[11L[241|28L30}/42], particularly for symmetric geometric and point cloud data.
Traditional neural networks require numerous rotated examples to learn such
symmetries, whereas VNNs embed them by network structure design, allowing
the model to focus directly on learning the intrinsic task mapping.
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Fig.1: (Left) Ada-VNN and Ada-VNT can adaptively adjust the model’s equivari-
ance constraints according to data distributions with different symmetry levels: on
categories with symmetry breaking, the model appropriately relaxes equivariance to
improve performance; otherwise, it preserves strong equivariance. (Right) In pose esti-
mation, compared with VNN, our adaptive method handles symmetry-breaking cases
more effectively, thereby improving performance on self-symmetric objects.

Equivariant networks are built on symmetry constraints and therefore can-
not naturally model symmetry-breaking phenomena . Specifically, when
presented with inputs of higher symmetry, they cannot produce outputs of lower
symmetry . However, many real-world systems and tasks exhibit spontaneous
symmetry breaking. A representative example arises in pose estimation for ap-
proximately self-symmetric objects such as cellphones: The overall shape of a
cellphone is nearly symmetric, and only weak local cues, such as the camera
module or buttons, introduce directional information and determine the final
orientation. In this case, the model must exploit such weak asymmetric infor-
mation to determine a specific orientation from an otherwise highly symmetric
input. However, due to their predefined structural constraints, strictly equivari-
ant models tend to exhibit representation dimensional collapse when processing
approximately symmetric inputs, which prevents them from effectively exploiting
weak asymmetric cues to distinguish orientations.

To address this issue, we propose Ada-
VNNs, which can adaptively relax equiv-
ariance constraints according to the sym-
metry level of the data, thereby alleviat-
ing representation collapse and enabling
effective modeling of symmetry-breaking P —
phenomena under approximately sym- Topt symmetry
metric inputs.

Specifically, we introduce an Adaptive Fig-2: Ada-VNNs flexibly relax the
Gating Unit (AGU) that explicitly con- modfal’s equivgriance constraints ac-
trols the degree of equivariance relaxation cording to the input’s symmetry.
by learning the deviation between weight matrices, turning the linear layers in
vector neuron networks from strictly equivariant mappings into adaptively ad-
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justable structures. In addition, we design a residual pathway under the VN
framework: a strictly equivariant function @ is connected to the adaptive gated
branch ¥ through a residual connection (see Fig. . This design preserves the
symmetry-induced inductive bias of the original architecture while allowing the
model to capture complementary geometric information beyond strict symme-
try constraints, effectively transforming hard structural constraints into soft pri-
ors. Finally, we provide a theoretical characterization of adaptive equivariance
in Ada-VNNs, which establishes a strong correspondence between the model’s
equivariance behavior and the symmetry level of the input data.

Experiments on pose estimation across 26 categories with different degrees of
self-symmetry show that our method achieves adaptive equivariance adjustment
according to the symmetry level of the data (see Fig.|l)) and effectively alleviates
the representation dimensional collapse of strictly equivariant models (see Fig.
5)). Compared with VNN and VN-Transformer (VN-T), Ada-VNN and Ada-VNT
improve 10° registration recall by 43.2 and 8.33 percentage points, respectively,
averaged over the three symmetry regimes (see Tabs. [1] and . Notably, these
gains come with minimal overhead: the training GPU memory increase of our
variants is less than 0.2%.

1. Problem. We reveal that strictly equivariant models suffer from represen-
tation dimensional collapse when processing approximately self-symmetric
inputs, making it difficult for them to exploit weak asymmetric cues for
directional discrimination.

2. Method. We propose Ada-VNNs, a structure composed of an AGU and
a residual pathway, which transforms the hard equivariance constraints of
VNNs into adjustable soft priors, thereby enabling the model to adaptively
regulate its equivariance constraints.

3. Theory. We introduce an adaptive equivariance relaxation theory that theo-
retically characterizes the correspondence between the degree of equivariance
relaxation in Ada-VNNs and the symmetry level of the input data, providing
interpretability for the proposed method.

2 Related work

2.1 SO(3)-equivariant Neural Networks

Embedding 3D symmetry into point cloud networks has become a key design
principle. Existing SO(3)-equivariant models either approximate continuous ro-
tations with finite subgroups [7}(35], use irreducible representations or high-order
tensors [14,30], or rely on frame averaging [2]. VNN [9] offers a simpler alterna-
tive by replacing scalar features with vector neurons. However, these methods
impose rigid predefined equivariance constraints, making them unsuitable for
symmetry-breaking tasks.
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2.2 Approximately and Relaxed Equivariant Networks

Relaxed equivariance has been explored to address symmetry breaking [10,[19]
25.132]. Prior works relax weight sharing, allow small equivariance errors, or
combine equivariant and non-equivariant branches, as in RPP [13]. Unlike these
approaches, we introduce symmetry-aware adaptive relaxation within the VN
framework, so the relaxation degree is adjusted according to input symmetry.

2.3 Vector Neuron Networks

VNN [9] replaced traditional scalar features with vector neurons and designed
core components—e.g., linear layers, nonlinearities, and normalization—to be
equivariant under SO(3). Owing to its simplicity and practical effectiveness,
VNN has since been extended to SE(3) (SPD-VN [20]), SIM(3) (EFEM |[23]),
graphs (E-GraphONet [8]), and attention (VN-T [1]), with applications spanning
segmentation [23|, registration [40], pose estimation [43], and robotics [38,[39].
OAVNN 3] was the first to address symmetry breaking in VNNs, resolving
reflection ambiguity via planar symmetry detection, but its scope is limited to
mirror symmetry and point cloud segmentation. We propose the first adaptive
framework that effectively handles symmetry breaking under SO(3).

3 Representation Dimensional Collapse

Definition 1. (Symmetry) An input © € X s called symmetric if its stabilizer
subgroup: Stabg(x) = {g € G | p(g9)x = x} is non-trivial, here p(g) denotes the
action of g on x. That is, a symmetric input is fized by multiple group elements,
including at least one non-identity element.

Next, we introduce the following observation first proposed in [29].

Lemma 1. (Equivariance constraint). Let X and Y be spaces equipped with a
group action of G. We can choose an equivariant f : X —'Y such that f(z) =y
only if Stabg(y) 2 Stabg(x).

This implies that the symmetry of the output of an equivariant function
cannot be lower than that of the input. The proof of this lemma can be found
in [37] Section E.1. Following [37], we can provide a definition of symmetry
breaking at the sample level.

Definition 2. (Symmetry breaking). Let G be a group. A sample with the input
z and output y is symmetry breaking with respect to G if Stabg(y) 2 Stabg(z).

Thus, G-equivariant models are inherently incapable of handling symmetry
breaking samples with respect to G .

Representation collapse. For strictly equivariant methods, feature col-
lapse occurs when input data possesses approximate symmetry (e.g., objects
such as cans or lamps). This strong equivariance constraint leads to performance
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Fig. 3: Representation dimensional collapse phenomenon. When processing self-
symmetric inputs, VNN’s features collapse to the fixed-point set, leading to the loss of
directional information. We provide more examples in Appendix

degradation in tasks like rotation registration. Assume the input x is approxi-
mately symmetric with respect to the group G; that is, for any g; € G4, we have
p(gs)x = x. We define the deviation as § = ||p(gs)xz — z||. For a strictly equiv-
ariant function f, the condition f(p(gs)x) = p(gs)f(x) must hold. Leveraging
k-Lipschitz continuity, we obtain:

1p(gs)f () = F(@) | = [1f(pgs)2) = (@)l < Ellp(gs)z — x| = k6 (1)

The term on the left, ||p(gs)f(z) — f(z)|| < kd, implies that when the input
is nearly symmetric (§ — 0), the output feature f(z) is forced to approach
the Fixed Point Set of the group G. Consequently, if the group G represents
continuous rotational symmetry about a specific axis, the components of f(x)
lying in the plane orthogonal to the rotation axis are forced to approach zero.
This results in the loss of critical geometric information required to distinguish
orientation, as visualized in Figure

4 Method

To address the above issues, we propose Ada-VNNs, which transform strictly
equivariant VNNs (e.g., VNN and VN-T) into adaptive variants that can adjust
equivariance constraints according to the symmetry of the input. In this section,
we introduce the AGU (Sec. [4.1]), the residual structure (Sec. [£.2), and the
theoretical analysis (Sec. [£.3)).

4.1 Adaptive Gating Unit

Standard neural networks are built upon scalar neurons (z € R). At layer (d),
stacking these scalar neurons yields a latent feature vector z = [z1, 29, . . ., ZC(d)]T €
RCW, where C(9 denotes the number of channels at layer (d). In contrast,
VNNs @ are equivariant networks built upon vector neurons, which lift
the neuron representation from a scalar (2 € R) to a 3D vector (v € R3).
Accordingly, the feature at each layer is represented as V € R¢»*3 where
each row corresponds to one vector neuron and Cj, is the number of input
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Fig. 4: (Left) Different configurations of linear layer. (Right) The structure of AGU.

channels. By carefully designing the linear, nonlinear, and normalization layers,
VNN s achieve strict SO(3)-equivariance.

Specifically, the classical Vector Linear Layer (VLL) in VNN preserves equiv-
ariance by removing the bias term and sharing the same weight matrix across
the three coordinate channels (see Fig. E[, left). Removing the bias is essential,
since a bias introduces a fixed directional component and thus breaks rotational
symmetry. Let V® V¥, V* € R% denote the z, y, and z channel components of
V, respectively, and let W € R%ut*Cin he the shared weight matrix. Then VLL
is defined as

VLL(V) = [WV* WVY WV?], (2)

where the output lies in R%u >3 Since all three coordinate channels undergo the
same linear transformation, VLL naturally preserves strict equivariance under
3D rotations.

To enable adjustable equivariance, we further propose the Adaptive Gating
Linear Layer (AGLL). Unlike VLL, AGLL removes the channel-sharing con-
straint and applies three independent weight matrices to the three coordinate
channels:

AGLL(V) = [W'V*, W?V¥, W3V*], (3)

where W1, W2 W3 € RCuw*Cin are three independent weight matrices. When
Wl = W? = W3, AGLL reduces exactly to VLL and remains strictly equiv-
ariant. In contrast, as the discrepancy among W', W2, and W? increases, the
transformations across channels become less consistent, and the equivariance
constraint is progressively relaxed. Therefore, the distance among these weight
matrices can be viewed as an explicit parameterization of the degree of equivari-
ance relaxation. We further analyze the relationship between the weight-matrix
discrepancy and the strength of equivariance in Appendix

Finally, we build the AGU (see Fig. EI, right) by using AGLL as the linear
layer, VN-ReLU as the nonlinear activation, and stacking three such layers. Its
formulation is given as follows:

H1 = OVN (AGLLl (V)) ; H2 = OVN (AGLLQ(Hl)) ,AGU(V) = OVN (AGLLg(I’(IQ))) ,
4
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where AGLL; denotes the i-th Adaptive Gating Linear Layer and oyn(-) denotes
the VN-ReLU activation. Here, H; and H, are intermediate hidden features.

4.2 Residual Pathway for Vector Neurons

Inspired by ResNet [17] and RPP [13|, we propose a residual architecture for
vector-neuron networks:

f(@) = &(x) + ¥ (2(x)). (5)

The key idea is to decompose the model into two components: a strictly
equivariant function @, enforced by hard structural constraints, and a flexible
corrective function ¥ (see Fig. . The branch ¢ models the symmetry-consistent
part of the data and can be directly instantiated by existing vector-neuron net-
works, including VN-PointNet, VN-DGCNN, and VN-Transformer, making the
framework modular and easy to integrate. The branch ¥ is implemented by
the proposed AGU and operates on the equivariant features produced by @ to
compensate for symmetry-breaking information.

This residual design encourages the model to first explain the data using
the structured equivariant branch @, and to invoke the adaptive branch ¥ only
when symmetry breaking is present, in order to correct the part not captured
by @. In this way, the original hard structural constraints are transformed into
adjustable soft priors: the model preserves the symmetry-induced inductive bias
while remaining flexible enough to capture complementary geometric informa-
tion beyond strict equivariance. Moreover, the structured representations gener-
ated by @ provide a more stable and informative input to AGU, which further
improves the learning efficiency of the corrective branch.

4.3 Adaptive Equivariance Theory

In this section, we provide a theoretical justification for the adaptive equivariance
of the proposed method and reveal the mathematical relationship between the
model’s equivariance and the symmetry level of the input data. To make this
relationship explicit, we first adopt a quantitative formulation of equivariance
from [124[32].

Definition 3. (Equivariance quantification) A function f : X — Y is said to be
C-weakly equivariant with respect to a group G if

E(f) = Eaglllf(p(g)x) = plg) f ()] < C,

where g is sampled from G according to the normalized Haar measure (.

A smaller value of £(f) indicates stronger equivariance of f with respect to
G. This definition enables a continuous notion of equivariance strength, and we
use equivariance relaxation to refer to allowing a nonzero (or larger) equivariance
error compared to a strictly equivariant counterpart when the task itself exhibits
symmetry breaking.



8 B. Han et al.

We next relate equivariance to task optimization. Let f : X — ) be a neural
network mapping from the input space X to the output space ), where both
spaces are equipped with a group action by G represented by p. For supervised
equivariant learning, the training objective under group transformations can be
written as:

L =Ep o, gou 1 (p(9)7) — p(9)yll2] (6)

where g is sampled from G according to the normalized Haar measure p.

Assumption 1. (Intrinsic symmetry breaking [32]). We assume the data
pairs (x,y) are generated by a ground-truth physical process f*, i.e., y = f*(z),
whose deviation from strict equivariance is bounded by

sup 1% (p(g)x) = p(g) S ()] = €, (7)

where € = 0 indicates perfect symmetry and ¢ > 0 indicates symmetry breaking.

Proposition 1. (Adaptive equivariance bound). Under Assumption 1, and
assuming the training distribution covers the group orbit (e.g., via data augmen-
tation), the equivariance error of the learned function f is bounded by the task
loss and the intrinsic symmetry breaking:

E(f)<2L+e (8)

The detailed derivation is provided in Appendix . Equation directly
links the achievable equivariance of the learned model to the symmetry level
of the underlying task: when the ground truth is (approximately) equivariant
(e small), minimizing £ drives £(f) toward zero; when symmetry breaking is
intrinsic (e > 0), a nonzero equivariance error is not only allowed but necessary
up to an e-dependent margin. This yields the following two regimes:

Case 1: No symmetry breaking (¢ — 0). The bound becomes E(f) < 2L.
As training minimizes £, the equivariance error is forced to vanish (£(f) — 0),
and the model converges to a strictly equivariant function.

Case 2: Symmetry breaking (e > 0). The bound becomes E(f) < 2L+ .
Minimizing £ does not enforce zero equivariance error but constrains it within
an e-dependent margin, and the model converges to an e-weakly equivariant
solution.

Overall, this analysis explains adaptive equivariance: the effective strictness
of equivariance is determined by the intrinsic symmetry strength of the data
(captured by ¢), rather than being manually specified.

5 Experiment

Our experiments are designed to answer the following questions: (1) Can Ada-
VNN effectively handle symmetry-breaking problems (Sec. (.2)7 (2) Is the
proposed adaptive framework compatible with invariant tasks, where invariance
is an order-0 special case of equivariance (Sec. [5.3)? (3) Can Ada-VNNs adap-
tively adjust equivariance according to the symmetry of the input (Sec. ? (4)
What impact do residual connections and adaptive gating have on the model’s
equivariance and performance (Sec. ?
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Table 1: Comparison results Part 1: Continuous symmetry and Discrete symmetry.
Registration recall at a 10° threshold.

Method Continuous self-symmetry (e > 0) Discrete self-symmetry (e > 0)

lamp can  pot  jar speaker mug Avg. phone table appliance bookshelf cabinet monitor bench bath watch Avg.
PointNet++ [27] 0.00  0.71 0.00 000 0.00 000 012 0.00 0.00 0.00 0.70 0.00 0.00 0.00 0.00 0.00 0.08
PCT [15] 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 7.30 0.00 0.00 0.00 8.91 7.86  0.00 0.00 2.67
EPN |7} 90.98 70.00 598 550 84.87 6.20 43.92 83.83 94.49 30.00 89.67 84.59 80.31 93.40 93.14 72.58
VNN 9] 2.38 4.29 1.11 4.51 344 3750 8.87 12.86 49.53 14.79 15.87 18.72 50.69 22.66 4.12 21.29
Ada-VNN 79.44 75.71 55.56 6241 76.88 71.88 70.31 70.48 93.19 7113 70.79 73.52 86.78 73.44 58.76 70.41
A 77.06 +71.42 57.90 +73.44 +34.38 +61.44 +57.62 +43.66 56.34 +54.92 +54.80 +36.09 +50.78 +54.64 +49.12
VN-T |1} 79.39  53.57 4 57.89 7550 6.25 5117 76.67 97.33 71.83 8130 72.60 92.84 7891 68.04 76.10
Ada-VNT 92.93 77.71 57.33 67.01 85.44 5 72.09 83.52 98.21 76.20 87.06 82.34 90.23 80.88 69.67 80.49

A 13.54 +24.14 +22.89 +9.12 9.94 +45.88 +20.92 +6.85 0.88 10.98 4.37 5.76 9.74  -2.61 1.97 1.63 +4.39

5.1 Pose Estimation

Pose estimation is a fundamental 3D task. When translation is ignored, relative
pose estimation is strictly SO(3)-equivariant. However, many real-world objects
exhibit approximate self-symmetry, such as cellphones and lamps, which intro-
duces varying degrees of symmetry-induced ambiguity.

Data and Setting. To systematically evaluate the ability of different models
to handle such symmetry breaking, we select 26 object categories from ShapeNet
[5] with different levels of approximate self-symmetry. These categories cover
three symmetry regimes: categories with approximate continuous self-symmetry,
categories with approximate discrete self-symmetry, and categories with little to
no self-symmetry. We follow the same experimental setup as VNN and EPN.
For each object, we sample a point cloud, apply a random rotation to obtain
a transformed version, and pair it with the original point cloud. The network
extracts global representations from the two point clouds, and an MLP regresses
the relative rotation from these representations. A model that better resolves
symmetry-induced ambiguity is expected to learn more direction-sensitive rep-
resentations, leading to better rotation regression performance.

Baseline and Metric. We compare point cloud networks with different de-
grees of equivariance: (1) non-equivariant networks, including PointNet++ [27]
and PCT [15]; (2) VN-based networks, including VNN [9] and VN-Transformer [1];
and (3) adaptive counterparts, including Ada-VNN and Ada-VNT. Each model
is trained separately on the training split of each of the 26 categories. We then
evaluate all models on unseen test objects using 10° registration recall, defined
as the percentage of predictions whose rotation error is below 10°.

Table 2: Comparison results Part 2: Asymmetry. Registration recall at a 10° threshold.

Asymmetry (e — 0)

Method bus laptop guitar faucet walkie-talkie watercraft firearm couch chair airplane car Avg.
PointNet++ [27| 0.00 145 0.00 0.00 0.00 0.00 0.00 0.00 0.03 0.00 0.00 0.13
PCT [15] 0.00 210 1.67 3.80 7.61 4.52 0.00 0.00 859 1025 0.00 3.50
EPN |7} 43.52 3890 88.54 49.91 42.82 93.16  85.50 86.10 92.89 94.25 95.22 73.71
VNN |9 52.86 49.28 89.92 22.52 13.71 66.75  84.84 88.35 92.85 80.72 97.30 67.19
Ada-VNN 85.00 84.06 94.96 50.45 70.16 89.69 92.84 91.65 96.46 96.17 97.16 86.24
A 82.14 +34.78 +5.04 +27.93 56.45 22.94 8.00 +3.30 +3.61 +15.45 -0.14 +19.05
VN-T |1 72.86 91.30 93.96 72.97 58.06 86.86  90.74 93.54 96.76 93.20 96.87 86.10
Ada-VNT 75.29 88.26 95.80 69.46 54.84 88.40 9145 91.97 99.19 93.70 95.16 85.77

A 2.43 -3.04 1.84 -3.51 -3.22 1.54 0.71 -1.57 +2.43 +0.50 -1.71 -0.33
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Fig. 5: Representations and pose estimates at different symmetry levels.

Quantitative results. Tab. [I]and Tab. 2] report the quantitative results on
categories with different degrees of symmetry breaking. We first observe that
the strictly equivariant baselines, VNN and VN-Transformer, suffer substantial
performance degradation on categories with symmetry breaking. In particular,
VNN nearly fails on categories with strong approximate self-symmetry, especially
those with approximate continuous symmetry, indicating that strictly equivari-
ant models struggle to resolve the directional ambiguity introduced by approxi-
mately self-symmetric objects, and therefore have difficulty performing accurate
pose estimation.

In contrast, our adaptive variants significantly improve the ability of equiv-
ariant models to handle symmetry breaking. On categories with approximate
continuous self-symmetry, Ada-VNN and Ada-VNT improve performance by
approximately 61 and 20 percentage points, respectively. On categories with
approximate discrete self-symmetry, Ada-VNN and Ada-VNT further improve
performance by 49 and 4 percentage points, respectively. Importantly, these gains
do not come at the expense of performance on non-symmetric categories: on cat-
egories with little or no self-symmetry, Ada-VNN still outperforms VNN by 19
percentage points, while Ada-VNT maintains performance comparable to VN-
Transformer. These results show that our method not only improves robustness
to symmetry breaking, but also preserves the effectiveness of equivariant mod-
eling in non-symmetric settings.

In addition, the non-equivariant baselines perform poorly on nearly all cat-
egories and generally fail to reduce the rotation error below 10°. We provide a
more detailed discussion of this phenomenon in Appendix

Qualitative results.

To further understand this behavior, we visualize the learned representations.
As shown in Fig. [f] VNN exhibits clear representation collapse on symmetry-
breaking categories, where the features are compressed into a low-dimensional
subspace and fail to preserve sufficient direction information. As a consequence,
the model cannot reliably infer the correct rotation from such representations.
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Fig. 6: Representations and isotope predictions at different symmetry levels.

Moreover, we find that the severity of this collapse correlates with the degree of
object self-symmetry. Compared with less ambiguous categories such as phone,
the learned representations for bowl and lamp, which exhibit stronger approx-
imate continuous self-symmetry, are compressed much more severely, in some
cases approaching an almost one-dimensional structure.

By contrast, Ada-VNN and Ada-VNT preserve substantially stronger direc-
tional discriminability in their learned representations, especially on bowl and
lamp. This suggests that the proposed residual connections and adaptive gating
mechanism effectively alleviate representation collapse under symmetry breaking
and enhance the model’s ability to encode directional information, thereby im-
proving pose estimation performance on approximately symmetric objects. This
capability further indicates the potential of our method for a broader range of
3D tasks involving approximate symmetries.

5.2 Isotope Prediction

Symmetry breaking also arises in molecular tasks. For example, isotope substi-
tution in self-symmetric molecules leaves the equilibrium geometry nearly un-
changed but changes the atom’s physical identity, requiring the model to dis-
tinguish originally equivalent sites from an approximately symmetric input, i.e.,
the input is nearly symmetric while the output must break that symmetry.

Data and Setting. Based on the 3D molecular conformations from QM9
|26], we select four representative molecules with symmetric structures: N Hs,
CH,, CyHg, and CgHg. For each molecule, we randomly choose one hydrogen
atom as the isotope substitution site and apply an extremely small random
3D perturbation only to this site (¢ € [107%,1073]) to construct a controlled
weak symmetry-breaking signal. We then apply a random rotation to the entire
molecule. For each molecular type, we generate 20,000 training samples and
4,000 test samples. The input to the model is the rotated 3D point set, and the
output is the direction vector and radial distance from the molecular reference
center to the isotope site.

Baseline and Metric. We use VNN as the equivariant baseline and com-
pare it with Ada-VNN. The evaluation metric is the angular error (in radians)
between the predicted and ground-truth directions, which directly measures the
model’s ability to distinguish directions on approximately self-symmetric targets.
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Results. As shown in Table[3] Ada- Table 3: Angular error (radians) on iso-
VNN achieves consistently lower di- tope prediction. Lower is better.

rectional error than VNN across all o Molecule  \v0 ' CuH,  CoHe
molecules, with larger gains on struc- Metho

turally more complex molecules such as VNN [9] 0.252 0.631  0.775  0.946
CoHo and CyH. As shown in Fig. [, A=VWY 0000 015 0250 0
VNN also exhibits clear representation

dimensional collapse on symmetric molecules, whereas Ada-VNN substantially
alleviates this issue and preserves stronger directional discriminability. This ob-
servation is consistent with our findings in point-cloud pose estimation, and
further supports our central claim: in symmetry-breaking tasks, strictly equiv-
ariant models tend to lose directional information due to representation collapse,
while adaptive equivariance can effectively mitigate this problem.

5.3 Classification

Classification is the order-0 case of our framework, since invariance can be viewed
as equivariance with a trivial output representation. Following Sec. we use
p(g) to denote the group action on its argument. Let F denote the final classifier
obtained by applying an invariant readout to the backbone representation. Since
the class label is unchanged under rotations, the equivariance error in Definition|[3]
reduces to the invariance error:

I(F) = Em,g~uc [d(F(p(g)x),F(x))] y
Liny = E(z 5)~D, g [A(F(p(9)2),9)]

o= sup d(F*(p(g)x), F* (), (11)
z,9€G

xT

where G is the augmentation group, F*(z) = y is the ground-truth label func-
tion, and d(-,-) is a metric discrepancy on the classifier output space. Under
the same orbit-coverage assumption as Eq. , the triangle-inequality argument
gives

I(F) < 2Liny + 0. (12)

For standard object classification, labels are rotation-invariant, so ¢y = 0.
Thus, minimizing the group-augmented classification objective encourages the
learned classifier to become invariant to the augmentation group. In practice, we
train with the standard cross-entropy loss and report the empirical invariance
error.

We evaluate point-cloud classification on ModelNet40 [36] under the stan-
dard z/z, z/SO(3), and SO(3)/SO(3) train/test settings. Here, z denotes ro-
tations around the upright axis, while SO(3) denotes arbitrary 3D rotations.
Eq. applies to the augmentation group used during training: the upright-
axis subgroup for z/z, and full 3D rotations for SO(3)/SO(3). The z/SO(3)
setting further evaluates out-of-distribution rotation robustness.
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Following VNNs [9)], we Copvert'the Table 4: Classification accuracy (%) and
vector-neuron backbone into invariant empirical invariance error on ModelNet40.

outputs using an invariant readout.

. . - . Method z/ z/ SO(@3)/ Inv.
Since Ada-VNNs relax strict equivari- Metho z SO(3) SO(3) Err. |
ance in the backbone, exact invari- paonn-based
ance is not guaranteed by construc- DGCNN [33] 90.3 33.8 88.6 0.21
tion alone. Nevertheless, as shown in VN-DGCNN (9] ~ 89.590.2  89.5 0.0023

Ada-VND 88.3 86.9 87.2 0.0040

Table [4, Ada-VNNs preserve strong

?otation robustn.ess. In the challeng- ggﬁﬁs ett'lg?sed sso Rl .-
ing 2/SO(3) setting, Ada-VND, Ada- pointNet++ [27] 91.8 284 850  0.23
VNP, and Ada-VNT substantially out- VN-PointNet [9]  77.5 77.5  77.2 0.0035
perform the strongest non-equivariant Ada-VNP 812 776 K
counterparts in their families, improv- Transformer-based

. . PT [41 86.1 24.1 794  1.88
ing over DGCNN, PointNet-++, and PC’ll‘ |1]5] sl so1 N
PCT by 53.1, 46.5, and 51.3 percent- VN-T [i] 90.0 90.8 89.6 0.0063
age points, respectively. Compared Ada-VNT 89.0 86.5 87.4 0.0085

with strictly equivariant VN variants, Ada-VNNs show a small accuracy drop
in some settings, but their invariance errors remain close to strictly equivariant
models and much lower than non-equivariant baselines. These results show that
our adaptive framework is also compatible with invariant tasks, where invariance
is the trivial-output special case of equivariance.

5.4 Adaptive Equivariance

In this section, we aim to verify that the equivariance of Ada-VNNs can adap-
tively adjust to the degree of symmetry in the input data. Specifically, following
the same setup as Sec. [5.1] we train different models on 26 categories and com-
pute their equivariance errors according to Definition

As shown in Fig. [1} non-equivariant models exhibit consistently high equiv-
ariance errors (>1071) across all categories, while strictly equivariant models
maintain uniformly low equivariance errors (<3 x 10~%) regardless of category.
This indicates that neither can adapt their equivariance behavior to the symme-
try level of the input data. In contrast, our adaptive models show a markedly
different pattern: Ada-VNN and Ada-VNT exhibit larger equivariance errors on
categories with stronger symmetry-breaking demands, especially approximately
self-symmetric categories, while maintaining lower equivariance errors on cate-
gories with little or no self-symmetry. That is, when strict equivariance conflicts
with the task objective, the model relaxes the equivariance constraint; otherwise,
it preserves the equivariant inductive bias.

We further visualize the evolution of equivariance during training. As shown
in Fig. [7} when no symmetry breaking is present, the equivariance error of Ada-
VNN gradually decreases throughout training, indicating that the model pro-
gressively develops equivariance. In contrast, when symmetry breaking exists,
the equivariance error remains difficult to reduce, suggesting that the model
tends to preserve non-equivariant behavior. This observation shows that the
equivariance of Ada-VNN is not rigidly predetermined by architectural priors,
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Fig. 8: Effect of AGLL depth k in AGU on (a) equivariance error and (b) pose esti-
mation performance (10° registration recall) across categories.

but is instead formed adaptively during training according to the symmetry
structure of the data. More importantly, this also explains the source of its
performance gains: when the optimization objective conflicts with strict equiv-
ariance constraints, Ada-VNN can improve data fitting by appropriately relaxing
its structural equivariance bias, thereby alleviating the mismatch between the
model prior and the task objective. These training dynamics further support the
conclusion that Ada-VNN outperforms VNN.

5.5 Ablation Study

In this section, we ablate the effects of AGU and residual connections on the
equivariance and performance of Ada-VNN.

Effect of AGU. We first study how the number of AGLL layers k in the
AGU influences model behavior. Specifically, we set k& € {1,2,3} and conduct
controlled experiments under the same training setup. As shown in Fig.
increasing k yields substantial performance gains on symmetry-breaking cate-
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gories: for example, on the Lamp category, performance improves from 2.4 to
~30 with k = 1, and further to 79.44 with k = 2. Meanwhile, the equivariance
error increases as k grows: each additional AGLL layer raises the equivariance
error by roughly one order of magnitude. This suggests that the capacity of
the adaptive (non-strictly equivariant) branch significantly affects the degree of
equivariance relaxation, which in turn impacts performance gains under symme-
try breaking.

Effect of residual connections. We further ablate the number of resid-
ual correction layers in Ada-VNN, setting the residual depth I € {1,2,3}. As
shown in Fig. @(a), using a single correction layer yields a clear adaptive be-
havior across categories with different symmetry levels, effectively transitioning
from non-equivariant to strongly equivariant regimes. However, increasing the
residual depth substantially raises the equivariance error (by roughly four orders
of magnitude), suggesting that deeper correction branches introduce stronger
equivariance relaxation, consistent with the increased capacity of the non-strictly
equivariant components. As shown in Fig. @(b), a single residual correction layer
already brings most of the pose-estimation performance gains, while adding more
residual layers yields only marginal improvements. According to the overhead
analysis in Appendix , one residual layer increases GPU memory usage by
only 0.18% yet leads to significant average performance improvements over both
VNN and VN-T. These results indicate that Ada-VNN’s gains do not come from
simply stacking parameters, but from a structural design that directly targets
symmetry-breaking scenarios.

6 Conclusion

We identify representation dimensional collapse as a key limitation of strictly
equivariant VNNs under symmetry breaking, and propose Ada-VNNs to adap-
tively relax equivariance through AGU and residual correction. Theoretical anal-
ysis links the learned equivariance behavior to intrinsic symmetry breaking, while
experiments on pose estimation, isotope prediction, and invariant classification
validate the effectiveness and compatibility of the framework. We hope this work
provides a step toward more flexible equivariant modeling for 3D tasks.
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