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Abstract. We introduce a novel mathematical framework for analyz-
ing and generating complex tree-shaped 3D objects, such as botanical
trees and plants, which deform both in their 3D geometry and branching
structure. Unlike previous works, which either consider only the skeletal
structure of tree-like objects or approximate their 3D geometry using
branch thickness, the proposed framework accurately models both the
3D geometry of the tree branches and the way they are interconnected.
In this paper, we first generalize the Square Root Normal Fields (SRNF)
representation, originally proposed for the statistical analysis of genus-0
surfaces, to tree-shaped 3D objects. We then treat tree-shaped 3D ob-
jects as points on a novel Riemannian tree-shape space equipped with a
novel Riemannian metric that measures the amount of surface bending
and stretching, and structural changes one needs to apply to one 3D tree-
shape to align it with another. This way, deformations become trajecto-
ries in this novel tree-shape space. We analyze the theoretical properties
of this novel tree-shape space and the corresponding metric and develop
algorithms for computing point-wise and branch-wise correspondences
and geodesic paths between complex 3D trees. We finally show how to
use these building blocks for (1) computing statistical summaries, i.e.
means and modes of variation, of collections of tree-shaped 3D objects,
and (2) synthesizing novel tree-shaped 3D objects by sampling from
probability distributions fitted to a population of tree-shaped 3D objects.
We demonstrate the performance and utility of the proposed framework
on real and synthetic plants and botanical trees and show that it sig-
nificantly outperforms the state-of-the-art. Additional results and source
code are available at https://tahmina979.github.io/Tree_in_SRNF/

1 Introduction

We introduce a novel mathematical framework and a set of algorithms for mod-
elling and statistically analyzing the geometric and structural variability in tree-
like 3D objects. State-of-the-art statistical shape analysis methods [13}[17H19]
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are mostly limited to 3D objects of fixed branching structure, i.e. objects that
bend and stretch while their branching structure remains static. In nature, how-
ever, a large number of biological objects, from blood vessels and airway trees
in the human body to the roots and shoots of botanical trees and plants, are
tree-shaped. Both their 3D geometry and branching structure, which are tightly
linked to their functionality, deform as they grow, interact with their surround-
ing environment, and compete for resources. Understanding and mathematically
modelling such variability is important in many applications, from plant biology
to neuroscience and health.

Unlike objects with fixed topology, tree-like 3D objects exhibit variability in
(1) their geometry, in terms of the 3D shape of individual branches, which can
bend and stretch, and (2) the structural relationships between those branches
as new branches emerge and others die over time. Existing methods that at-
tempted to address these challenges define a tree-shape space where tree-shapes
can be seen as points in this space while paths in this space correspond to the
deformation of one tree-shape onto another. By equipping the tree-shape space
with a proper metric that quantifies geometric and topological variations, one
can develop algorithms for computing registrations, i.e. one-to-one branchwise
and pointwise correspondences, and geodesic paths, i.e. shortest deformation
paths with respect to the metric, between trees. Early methods that follow this
paradigm [3},26] only model the tree topology, completely ignoring the geometry
of its branches. These methods have been extended first by Feragen et al. [7H10]
and Duncan et al. [6] to take into account the shape of the skeletal curves of the
branches, and later by Wang et al. [30-32] by augmenting skeletal curves with
their local thickness. This representation, which is an over-simplification of the
3D geometry of branches with local cylinders, fails to capture the detailed and
accurate geometry of branches. Thus, these methods fail to accurately model the
geometric and structural variability of tree-shaped 3D objects.

In this paper, we propose the first comprehensive framework that models both
the full 3D geometric and structural variability in tree-shaped 3D objects. Our
key contribution is the generalization of the Square Root Normal Field (SRNF),
originally proposed for the analysis of genus-0 surfaces [12,[19], to tree-like 3D
shapes that bend and stretch, and change their branching structure.

This novel representation results in a new tree-shape space, which we refer
to as TreeSRNF, equipped with a metric that measures surface bending and
stretching, as well as topological changes in the form of branch sliding (Sec. .
In this paper, we establish the theoretical framework and analyze the properties
of this tree-shape space and the associated metric (Sec. . We will then develop
tools for computing point-wise and branch-wise correspondences (Sec. [5)) and
geodesic deformations (Sec. between complex tree-like 3D objects, even in
the presence of large bending, stretching, and topological variation. We will also
show how to use these building blocks to (1) compute statistical summaries, €.g.
average 3D shape and modes of variation, and mathematically model the vari-
ability in a population of tree-like 3D objects by characterizing the population
with probability distributions, and (2) generate novel tree-like 3D objects by
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sampling from the learned probability distributions (Sec. . We demonstrate
and evaluate the performance of the proposed framework on real and synthetic
tree-like 3D shapes such as botanical trees and plants (Sec.|7)) and show that it
outperforms the state-of-the-art in terms of representation quality and accuracy.

2 Related work

Statistical 3D shape analysis is an extensively studied problem, with key sub-
problems including registration, geodesics computation, and statistical summa-
rization. Early contributions focused on 3D objects that bend and stretch while
preserving their topology. In these works, the shape of a 3D object is treated as
a point in a high-dimensional shape space equipped with an appropriate metric
that quantifies the amount of bending and stretching required to align one shape
to another. This way, both registration and geodesics computation between two
3D shapes can be jointly formulated as the problem of finding the shortest path
between their corresponding points in the shape space. Existing works differ in
the nature of the shape space and the metric they use |16].

Early works employ the L? metric, which is only suitable for rigid shapes
or 3D shapes that undergo small non-rigid deformations. To handle large non-
rigid deformations, Kilian et al. [15] quantify shape differences using deviations
from rigidity and isometry. Other works measure bending using differences in
the shape operator [34,35] or the second fundamental form [11]. Stretching, on
the other hand, is measured using the Cauchy-Green strain tensor [34135] or dif-
ferences in the first fundamental form [11]. These physics-motivated metrics are
computationally very expensive, as registration and statistical summarization
require solving complex nonlinear optimization problems. Addressing the com-
putational cost, Jermyn et al. [12}/19] introduced the Square Root Normal Field
(SRNF) representation, where the L? metric approximates a partial elastic met-
ric, significantly reducing the computational complexity. These representations,
however, do not capture topological changes observed in tree-like 3D shapes.

Unlike manifold surfaces, tree-like 3D shapes not only bend and stretch but
also exhibit topological variation in their branching structure. Addressing such
structural variability, Billera et al. [3] and Owen et al. [26] introduced the concept
of continuous tree spaces, which model changes in topology. The representation,
however, ignores the 3D geometry of tree branches. Recent methods that consider
tree shapes are primarily focused on the reconstruction [20H23}33,37138| of static
or dynamic 3D tree shapes, while others focused on the registration [41/24,/25/27,
29,:36). These methods do not offer metrics or algorithms for deriving statistical
summaries of collections of 3D tree-like shapes. Feragen et al. [7H10| introduced
the concept of tree-shape spaces and developed corresponding metrics to support
statistical analysis of tree-like shapes. These methods, which were limited to trees
with simple branching structures, have been extended by Wang et al. [30,[32] to
complex trees by pre-computing the correspondences. However, when applied
to shapes with significant structural differences, it results in excessive shrinkage
along the geodesic path. Duncan et al. |6] proposed an alternative metric that
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Fig. 1: An illustration of the proposed representation, compared to Wang et al. |31]’s.

measures topological changes in terms of branch sliding along parent branches.
Khanam et al. [14] extended the representation to 4D tree-like shapes. The
method, however, is limited to skeletal representations. Guan et al. [31] extended
this idea by approximating the 3D geometry of branches using their skeletal
curves augmented with local thickness. This over-simplification fails to capture
the detailed 3D geometry of trees. Unlike previous work, this paper proposes the
first framework that allows the statistical analysis of the full 3D geometry and
structure of tree-like 3D objects.

3 Representation

We represent a branch  of a 3D tree structure T as a parameterised surface F

of the form F : ¥ R3. Since, in general, the branches of tree-like objects are
elongated surfaces, we define the parameterization domain  as an open cylinder
of unit radius and height, i.e. = [0;1] S'. Let ! = (u;v) 2  denote

the cylindrical coordinates, where u 2 [0;1] is the height of the cylinder and
v 2 [0;2 ] is the circumference with radius of one. Let Ck denote the preshape
space of such surfaces, after normalization for translation and scale.

Next, we construct the hierarchical representation of a 3D tree T by connect-
ing each branch to its parent branch at the corresponding bifurcation point. We
set the bifurcation point on the medial axis of branch  which is parameterized
as a function f :[0;1] ¥ R3. Let © denote the main branch, also referred to as
the first layer in the tree hierarchy, with k® subtrees fTilg'i‘il attached to it. The
initial point of each subtree is attached to the medial axis of its parent branch

Here, !is the main branch of T', k! is the number of subtrees attached to the
branch ! and s} 2 [0;1] is a bifurcation point on the medial axis f' of the
branch . Fig. [I| summarizes the representation. To ensure the representation
is invariant to translation and scale, we first translate the entire tree so that the
main branch’s starting point is at the origin and scale it so that the entire tree
fits within a unit sphere. We refer to the space of all such trees normalized for
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translation and scale as the pre-tree-shape space and denote it byt CHere, scal-
ing is optional as it may not be desirable for some applications such as growth
analysis.

4 Elastic metric for comparing 3D tree shapes

A key component of statistical 3D shape analysis is a metric that measures shape
di erences, or distances between points in the tree-shape space. In our case, a
proper metric should quantify (1) branch deformations, i.e. the bending and
stretching of branches (Secl), and (2) changes in the branching structure of
trees (Sec[4.p). The metric will then be used in subsequent analysis tasks for
registration, geodesics computation, and statistical summarization.

4.1 Elastic metric for comparing branches

To compare the shape of two tree branches; and ,, we propose an elastic
metric d that measures the bending and stretching of the branches after shape-
preserving transformations, i.e. translations and reparameterizations, are fac-
tored out. Let be the space of reparameterizations of the domain to itself,
i.,e. : ! suchthat is a dieomorphism. Since the branches are already
normalized for translation, the distance d can be mathematically formulated as:

d( 1 2)=rr;in dr (Fy;F2 ) 1)

Here, & measures the amount of bending and stretching one needs to apply
to F, in order to align it onto F ;. Bending can be quanti ed by measuring
changes in the orientation of the normal vectors. Stretching, on the other hand,
can be decomposed into two components: stretching resulting from changes in
local surface area and stretching that preserves local surface area. While metrics
exist for quantifying these physical deformations, they are highly non-linear,
making solutions to the optimization problem of Eqn. (1), and the subsequent
registration and geodesics-computation problems time-consuming.

To address this issue, Jermyn et al. [12] introduced a representation termed
Square-Root Normal Field (SRNF) and showed that the L? metric in the space
of SRNFs is equivalent to a weighted sum of bending and stretching in the
original space of surfaces. This signi cantly simpli es downstream tasks: instead
of operating in the original space of surfaces, one can map the surfaces to their
SRNF representations, perform all the analysis tasks in that space using the
standard L? metric, and then map the results back to the original space of
surfaces. Formally, the SRNF of a surface F 2 € is de ned as:

H(F) = q; such thatq(u;v) = % : @
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Here, n = @& @F is the normal eld to F at (u;v) 2 . Let C 4 be the
space of SRNFs. The SRNF representation has many properties that are im-
portant for statistical shape analysis. First, it is translation invariant. Sec-
ond, the action of the reparameterization group on the SRNE, is by isomet{)y. In
other words, 8 2 and 8F 1;F,2Cr;kaqn q2k= (2 ) _ (@2 ) _,
where q = H(F ;) for i 2 f1;2q. FOIS simplicity of notation, in the remain-
der of the paper, we denote (g )  _ by (q; ). Finally, the L 2 metric in
SRNF space g is analogous to the partial elastic metric in the original space of
shapes €. We leverage this last property to rede ne the metric of Eqn. (1)
using the L2 metric in the SRNF space. In practice, we further decompose
the reparameterization into a global reparameterization 2 , which mod-
els the global rotation of the parameterization grid, and local reparameteriza-
tion, which we also denote by for simplicity. This way, Eqn. (1) becomes
d( 1; 2) = min .2 k(g (g; ; )k 2. This formulation signi cantly reduces
complexity and computation time, as downstream tasks can be solved in the
SRNF space using the standard B metric.

4.2 Extension to 3D trees

A complete 3D tree can now be represented recursively as'G (q'; fQ :*1 sl g}‘z'l ,
main branch of Q, k! is the number of subtrees attached to the I-th branch, and
sl 2 [0;1] is a bifurcation point on the medial axis of the I-th branch. Let Cq
denote the pre-tree shape space of such trees de ned in the SRNF space.
A good metric that com-
pares and measures distances
between two complete tree
shapes needs to also take
into account branch-wise cor-
respondences, dierences in
their branching structure, and
also di erences in the number
of branches and di erent lev-

els .Of the tree hierarchy. _FOl' Fig. 2: Overview of the proposed registration frame-
lowing Duncan et al. [6], given o we rst map all trees into the SRNF space C q.
the SRNFs Q; and Q; of tWo e then solve Eq. (5) to get optimal transformations

trees, we de ne the metricit- (© ; ; ; ). Finally, we apply these transforma-
eratively as: tionsto Tp to alignitto T ;.

d(Qg; = min d 1(Q2:0; 55 ): 3

(Q1;Q2) 0250 D 25 o, (Q1:(Q2 ) 3)

Here, O 2 SO(3) is the global rotation, 2 S is the permutation of the order
of the tree branches, S is the space of such permutations, and

dep (Q1;Q2)= m ko gk + st sy + s dQLQy (@)

i=1 i=1
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corresponding bifurcation points on the parent branch. The rst term of Eq. (4)
quanti es the bending and stretching of the main (parent) branch. The second
term measures the bifurcation distance between subtrees to quantify the topo-
logical variation while the third term measures geometrical variation between the
subtrees. The parameters (m; p; s) control the importance of each of these
terms. Note that this formulation assumes that ¢, and d, have the same number
of branches. This, however, is not the case in practice. To handle trees of dif-
ferent numbers of branches, we add null branches so that both of the branches
q, or @, have exactly the same k subtrees. For a null branch, all the cylindrical
coordinates in the domain are mapped to the point (0;0;0) 2 R 3.

5 Registration

The problem of registering a source tree-shape onto a target tree-shape can
be de ned as that of nding the global optimal rotation O 2 SO(3) of the
source tree-shape, global and local reparameterizations; 2 of each of its
branches, and the optimal permutation 2 S of the order of its branches in
order to bring it as close as possible to the target tree-shape. Mathematically,
this can be formulated as an optimization problem of the form:

O; 5 ;)= argmin de, (Q1:(Q2:05 5 5)); (5)
0250(3);2;2;2S
where d, is the metric de ned in Eq. (4). The notation (Q »;0; ; ; ) in Eq. (5)
refers to the process of applying the transformations (O; ; ; ) to Q ».

To solve this optimization problem, we exploit the recursive nature of the
metric dc, to derive an iterative algorithm. We start by computing the optimal
global rotation O of the entire tree Q, by minimizing Eq. (4) with respect to O
while setting all the other parameters xed. Let Q, = O (Q32). We then proceed
in an iterative manner to nd the remaining optimums by minimising:

o @@ i )= nkd @E% 9K, SO vl a0 : (6)
i=1 i=1

Here, © is the global reparameterization of the main branch of §and ' is the
global reparameterization of its subtrees and ° is the local reparameterization
of the main (parent) branch of g and ! is the local reparameterization of its
subtrees. To quantify the topological variation, we de ne © as the relative op-
timal order of the parent branch of g on its corresponding parent and f ‘g}‘:'l
is the permutation of the order of the subtrees attached to §.

A high-level overview of the iterative registration procedure between two 3D
trees is summarized in Algorithm 1 and Fig. 2. We solve the problem of nding
which side branch of Q@ corresponds to which side branch of @ at any level by
solving the last two terms of Eg. (6), as a linear assignment problem. Let n be
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Algorithm 1: Registration framework
Input : L: number of layers of the input trees; Q 1 and Qz: the SRNF
representation of two tree shapes;( m; p; s): the controlling
parameters of the metric.
Output: Optimal O ; ; ; and distance cost metric E of Eq. (7).
Stage 1: Find O  of Qz that minimizes d ¢, [EQ. (4)] and set Q2 =0 (Q2);
Stage 2: E = AlignTree(Q 1;Q2;L);
Stage 3: Output the optimal , , for the combinations of branch pairs
that yield minimum cost in E;
Function E AlignTree(Q 1;Q2;L):
Ep =minimum distance for optimal
Initialize E ¢ of sizem n , to O;
fori2n 1 do
forj2n , do .
L | Ec(i;j) =AlignTree(Q 1, Qb L 1);

returnE=E ,+Eg;

0. 9 that aligns q?; & [Eq. (7)];

the number of side branches (at any level) of the main branch of @ and n, the
number of side branches of the main branch of @ We build a pairwise distance
matrix E of size ny n 5 as:

A .2 . .
Ej = p Sp sb + sinfkd (@b ;)k? @)

where q and g denote the side branches and sand s, are the bifurcation
points of those side branches to their parent branches, respectively. For the main
branch, i.e. the trunk of the entire tree, we set 5 and s, to zeros. Then, we apply
the Hungarian Algorithm to the matrix E to nd out the optimal matching
between the side branches and the associated optimum and . At each layer
of the trees, and for each branch, we build this matrix and recursively solve all
problems from the highest layer to the main branch. Finally, we apply the optimal
o, , ,and to T, to get T, registered on [, asT, =0 (To; ; ; ).

6 Geodesics and summary statistics

In this section, we show how to use the building blocks developed in Sections 3
and 4 for computing geodesic paths between pairs of tree-shaped 3D objects,
and summary statistics, such as means and modes of variation, of a collection of
tree-shaped 3D objects. We perform the registration between 3D tree shapeg,C
in the SRNF space. The geodesic between two tree shapes can then be computed
by taking a straight line (linear interpolation) between their SRNFs, and then
mapping it back to the space of surfaces. This requires computing the inverse
SRNF map. However, such an inverse SRNF map has no analytical formula.
Laga et al. [19] developed a numerical solution that estimates the inverse map.
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The approach, however, is computationally very expensive, especially if used for
complex tree-like 3D shapes that have many branch surfaces attached together.
In this paper, we propose a practical solution to the inversion problem by in-
troducing a new shape space based on tangents of 3D tree-like shapes, which is
nearly equivalent to the SRNF representation, has an analytical inversion process
for visualization, and is computationally more e cient.

6.1 Geodesics

In this formulation, we represent a branch surface F 2 G with two orthogonal

tangent vectors at each point of the surface as
!

Fu Fy . @F @F
G(F) = p——;p—— WwithFy= —andF, = —: 8
) kF k= KF Kk YT @u YT @v ®

Here, F, and F, are the tangent vectors to the surface in u and v directions.
Equivalence of the representation to SRNF: We rewrite Eq. (2) as a cross
product of two tangents that represent the normal n at (u;v) as:

Fu Fv _ _  KFukkF/kn )

kFu Fyk  KFxKKF,kksin k'

9)

q(u;v) = p

where 1 is the unit normal at (u;v), and is the angle between F, and F,.
Since branch shapes are analogous to the cylinder, which is our parameterization
domain (Sec. 4.1), and we parameterize the branch as a smooth surface, the
parameterization of the branch surface F is orthogonal with minimal error, i.e.
=90 and ksin k =1. We can re-formulate Eq. (9) as:
kFy kkFykn P

u;v) = p——= kF kkF/kn: 10
q(u;v) pm u v (10)

We thus can consider i and F, used in Eqg. (10) are the same as those in Eq. (8),
which are orthogonal to each other. Further, we can simplify Eq. (8) as:

pP—— P —— . Fu Fv
;v)=  kFuka; kFykb ; with a= = : 11
w(u; V) uka; vkb ; with a KE.K and b KF.K (12)

Our proposed representation quanti es the bending of the branches through the
direction of tangents (Eq. (11)), whereas in the SRNF representation, it is mea-
sured using the normal direction (Eg. (10)). Both SRNF and our tangent-based
representation measure the amount of stretching through the length of two tan-
gent vectors (see Eq. (10) for SRNF and Eq. (11) for tangent-based formulation),
which together encode the local surface area around a certain point. However,
this equivalence does not hold for other shapes, e.g. humans and animals, since
orthogonal parameterization is not feasible for those shapes.

A complete 3D tree can now be represented using the same layering structure
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Here, L is the total number of layers, w is the main branch of W', k' is the
number of subtrees attached to the branch W, and § 2 [0;1] is a bifurcation
point on the medial axis of W of W'. We de ne the shape space of all such trees
as Gy . Note that, in Cy , all shapes are registered, since we perform registration
on the SRNF prior to mapping them into Cy .

Since the tangent-based representation is equivalent to the SRNF, the £
metric in Cy is equivalent to the elastic metric. Thus, geodesics under the
complex metric become straight lines in the shape spaceyG i.e. we get the
geodesic between two registered 3D trees Wand W, in Gy as linear inter-
polation: w() =@ )W 1+ W,; 2 [0;1]. For visualization, we map

w (); 2][0;1] back to the original tree shape space G . In the inversion pro-
cess, we consider the two components of Eg. (8) individually, solve them using
the cumulative trapezoidal integration method [5], and then combine them by
averaging to obtain the surface.

6.2 Statistics on 3D tree shapes

In this section, we detail the computational tools used to compute various statis-
tics of a collection of 3D tree shapes, including the mean and modes of shape
variability. We obtain the mean, called the Karcher mean [31], simultaneously
when registering all shapes. However, since we perform registration in the SRNF
space @ and compute statistics in the tangent space ¢, we compute two
means in every iteration, one in SRNF spaceQ and one in tangent space, .

their corresponding SRNF representations. We perform registration in the SRNF
space to get all the shapes well aligned to each other, while computing the
Karcher mean using the following optimization procedure:

1. SetQ=Q;
2. MapW; T ,;andset , =Wj.
3. fori=1:n
Align Q ; onto Q using Algorithm 1.
LetO;, ;, ;. ; be the optimums that align Q; onto Q.
Update Qi =(Qi;0; ; ; ).
Update Q= {(Q+ Q).
Update Ti =(Ti;O; ; ; ).
Map Wi Ti

Update = #( w+ W,).

The registered shapes ¥, g, are elements of G equipped with the L2 metric,
thus one can perform shape analysis tasks using the standard’Lmetric.

Mean and modes of variation: Given a set of registered 3D treesf W, gL, and
their corresponding Karcher mean , in Gy, we perform Principal Component
Analysis (PCA) to get the statistics. Since the tangent-based representation
space @ is Euclidean, we compute the principal directions of variation using
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P . )
linear PCA. LetK = 4 L, (W' ,)(W' ) be the covariance matrix,

feig<, its leading eigenvectors, and f;g<, the corresponding eigenvalues. The
eigenvectors represent the principal directions of variation of the collection of
trees fW; gL, . The projection of any tree-shape onto the i th principal direction
isgivenbyW =, + € i; 2 R. Forvisualization, we map W back to the
original space of 3D trees € using the inversion procedure described in Sec. 6.1.

Generative model of 3D tree shapes: We t a multivariate Gaussian of
mean ,, and diagonal covariance matrix K to characterize the shape variability
in the collection of registered 3D tree shapesW, g, . The diagonal elements of
the covariance matrix K are the eigenvalues f;g¥, . To generate a random 3D
tree, we randomly sample rE,reaI numbers & :::;an N(O;1). A 3D tree-shape

is then givenby W =, + :‘:1 a g ;. We map W back to the original space
using the inversion procedure described in Sec. 6.1. Note that, to ensure that the
generated 3D tree-shapes are plausible, one can restrict the range qfs e.g. to

be within one standard deviation.

7 Results and discussion

We evaluate the proposed framework using 3D tree models from [2], [1], [31], and
real tomato plants from [28]. We rst preprocess those models to convert them
into our representation. The entire pipeline implemented in MATLAB(2024),
ran on a CPU with 2:00GHz Intel(R) Core(TM) i9 processor and 128GB of
RAM. The supplementary material includes a detailed description of the dataset
composition and the preprocessing mechanism.

7.1 Representation

An important contri-

bution of this paper

is that we represent

the full geometry of

tree-like 3D shapes,

instead  of approxi— (a) Original (b) Ours.  (c) Wang (d) Pointwise (e) Pointwise
mating their branches mesh. et al. [31]s. error (ours). error [31].

with a skeleton aug- _ _
mented with thick- Fig. 3: lllustration of the accuracy of our representation.
ness. Fig. 3 compares visually the accuracy of this representation against pre-
vious methods. We can clearly see that the radial-based representation used
in [31] (Fig. 3-(c)) loses detailed surface information of the original 3D model
(Fig. 3-(a)) since it approximates the surface with a xed radius circle. In con-
trast, our representation (Fig. 3-(b)) accurately captures the surface details. To
demonstrate this quantitatively, we compute the point-wise error between the
original model and our surface-based representation, and the original surface
and the radial-based representation [31]. We then plot this error in the form of
a heatmap; see Figs. 3-(d) and (e), respectively. As one can see, the error in
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