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Abstract. Differentially private training adds isotropic Gaussian noise
to clipped gradients, corrupting every singular direction equally. In vi-
sion models, where spatial correlation concentrates gradient energy into
a low-rank subspace, most of this noise falls in directions that carry
little signal. Spectral gradient orthogonalization via polar decomposi-
tion is introduced as a post-processing step that recovers directional
signal from the noisy gradient’s low-rank structure at zero additional
privacy cost. A phase transition governs the utility of this approach:
orthogonalization improves accuracy only when the per-direction spec-
tral signal-to-noise ratio (SNR) suffices for singular vector recovery; in
low-SNR regimes, the directional bias of the gradient is replaced by a
nearly random orthogonal update, and the transformation is harmful.
The recovery threshold is determined by the spectral gap of the gradient
and is surpassed at large batch sizes. Empirically, the benefit scales with
model capacity: spectral orthogonalization achieves a +20.9% improve-
ment over DP-SGD on WRN-28-10 (B = 4096) and +14.9% on ResNet-
18, while reducing inter-run variance by a factor of two to three. In the
fine-tuning regime, spectral orthogonalization matches the stability of
DP-Adam while maintaining a first-order memory footprint. Combining
spectral with temporal denoising yields 50.3% on CIFAR-10 (¢ = 4), the
highest accuracy in any tested configuration. These gains are specific to
moderate-to-high-SNR regimes such as large-batch training of higher-
capacity models. Small-batch or low-SNR settings are better served by
DP-SGD or temporal denoising.

Keywords: Differential privacy - Spectral methods - Gradient orthogo-
nalization - Private training - Polar decomposition

1 Introduction

Computer vision models trained on sensitive data, such as medical images or
visual biometrics (facial recognition, iris scans), must protect individual privacy
while maintaining utility [19|. Differential privacy (DP) [9] provides a formal
guarantee: the model’s behavior changes negligibly whether or not any single
example is included in the training set, preventing the memorization or recall
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Fig. 1: Spectral gradient orthogonalization overview. (a) Gradient singular values from
a representative convolutional layer (epoch 1, CIFAR-10): most energy concentrates in
a small number of directions (effective rank 6). (b) After DP noise addition (¢ = 4),
isotropic perturbation raises the effective rank to 483: the signal becomes indistinguish-
able from the noise-dominated singular values (Marchenko—Pastur bulk), making the
noisy gradient nearly directionless. (¢) Direction recovery: cosine similarity between
the leading singular vector of the noisy and clean gradients, measured via Monte Carlo
simulation (100 trials per batch size) using the measured WRN-16-4 spectrum with
noise calibrated to Tab. [I} High similarity indicates that the gradient’s directional sig-
nal persists through the noise, providing the geometric condition for orthogonalization
to succeed. Recovery transitions sharply from 0.90 at B =256 to >0.99 at B > 1024.
(d) Test accuracy on CIFAR-10 (¢ = 4) follows the same pattern: DP-SGD stagnates
while spectral methods scale with batch size past the recovery threshold.

of individual training samples. The standard mechanism, differentially private
stochastic gradient descent (DP-SGD) [1], enforces this by clipping each per-
sample gradient to a fixed norm and adding calibrated Gaussian noise before ag-
gregation. The noise ensures that the contribution of any one example is masked,
but it degrades the optimization signal, reducing model accuracy. This utility
cost is especially severe when training from scratch, where every parameter must
be learned under noise. For vision architectures with large convolutional and at-
tention layers, the gradient of each weight matrix is independently perturbed by
isotropic noise, regardless of its structure.

Neural network training proceeds by computing gradients of the loss with
respect to each weight matrix. Recent work in optimization has shown that these
gradients are approximately low-rank , a property exploited by optimizers
such as Shampoo and Muon for faster convergence. In vision models
this structure is especially pronounced: the effective rank of a convolutional
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gradient is typically an order of magnitude smaller than the matrix dimension,
a property we characterize empirically (Sec. . The noise added by DP-SGD,
however, is spectrally indiscriminate: isotropic Gaussian perturbation corrupts
every singular direction equally, regardless of how much signal that direction
carries. The result is a spectral mismatch (Fig. ): the few directions that carry
signal receive the prescribed noise, while the many directions that carry little
signal become pure noise, yet contribute equally to the aggregate update.

While spectral orthogonalization is established in non-private optimization [18],
its utility under differential privacy is fundamentally regime-dependent. Replac-
ing the noisy gradient with its nearest orthogonal matrix UV T via polar de-
composition (computed efficiently through Newton-Schulz iteration) is shown to
transition from harmful to substantially beneficial at a predictable SNR, thresh-
old, providing the first principled criterion for when spectral structure can be
recovered from the noise bulk in private training. By the post-processing theo-
rem |10], this operation incurs zero additional privacy cost. Orthogonalization
preserves the gradient’s singular vectors but sets all singular values to one, sup-
pressing the inflated magnitudes of noise-dominated directions. This is benefi-
cial when the true signal directions are recoverable from the noisy gradient, but
harmful otherwise: at low SNR, orthogonalization normalizes the noise bulk to
unit norm, producing a nearly random update that is strictly worse than the
noisy-but-directionally-biased gradient used by DP-SGD.

This leads to a theoretical prediction: orthogonalization should improve util-
ity when the gradient signal-to-noise ratio (SNR) is high enough for the true
singular vectors to be recoverable from the noisy gradient, and be neutral or
harmful otherwise. This prediction is verified empirically, revealing a phase
transition governed by the SNR. At large batch sizes, the noise per element
shrinks inversely with B, pushing the SNR past the recovery threshold. The
crossover batch size depends on task complexity: it occurs at B =~ 1024 on
CIFAR-10, shifts to B ~ 4096 to 8192 on CIFAR-100 where the gradient signal
is ~9x weaker, and is verified across three datasets in Sec. [5.2]

This phenomenon is characterized through a systematic empirical study span-
ning batch sizes B € {256,512, ...,8192} and privacy budgets ¢ € {2, 3,4, 6,8}.
The contributions of this work are three-fold. First, a recovery condition (Propo-
sition linking batch size, noise multiplier, and spectral gap is derived and ver-
ified across CIFAR-10, CIFAR-~100, and SVHN, revealing that spectral orthog-
onalization transitions from harmful to substantially beneficial as the gradient
SNR crosses a predictable threshold. Second, spectral gradient orthogonalization
via approximate polar decomposition (Newton-Schulz iteration) is introduced as
a deterministic post-processing step that preserves the (g,6)-DP guarantee at
zero additional privacy cost, achieving +20.9% over DP-SGD on WRN-28-10
(B = 4096, ¢ = 4) and reducing inter-run variance by a factor of two to three.
Third, the complementarity of spectral and temporal denoising is demonstrated:
combining orthogonalization with low-pass filtering (DOPPLER) yields 50.3%
on CIFAR-10 (e = 4), the highest accuracy in any tested configuration.
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2 Related Work

Differentially private optimization. DP-SGD [1]| provides (g, §)-DP guarantees
via per-sample gradient clipping and Gaussian noise addition. Subsequent work
has improved the utility-privacy trade-off through better accounting [4,26], larger
batch training [7], and architectural choices [28]. DP-Adam [20] applies adaptive
learning rates to privatized gradients but has shown limited benefit at moder-
ate privacy budgets in our experiments, consistent with findings that adaptive
methods require careful tuning under DP [6].

Noise reduction via spectral and temporal filtering. A growing line of work re-
duces the impact of DP noise through spectral or temporal post-processing.
Spectral-DP [12] adds calibrated noise in the frequency domain rather than the
spatial domain and applies spectral filtering, achieving the same (e, §)-DP guar-
antee with lower effective perturbation. DOPPLER |41] treats the privatized
gradient sequence as a noisy signal and applies a low-pass filter to suppress
high-frequency noise components while preserving low-frequency gradient infor-
mation, yielding three to ten percent accuracy improvements across datasets and
models. DiSK [40] extends this direction with a simplified Kalman filter that
adapts its gain over training, achieving best-reported from-scratch results on
CIFAR-100 and ImageNet-1k using augmentation multiplicity and architecture-
specific tuning. Other approaches include frequency-domain gradient computa-
tion (GReDP [34]) and joint spectral-temporal filtering (FFTKF [38]).

These methods modify the privacy mechanism or its inputs. Spectral-DP and
GReDP shape where noise enters by operating in the frequency domain, while
DOPPLER and DiSK filter the privatized gradient across the training trajectory.
Anisotropic Gaussian mechanisms [17| take a related route by reshaping the
noise covariance at injection, which requires estimating that covariance from
public data or a separate privacy budget and modifying the accounting. Spectral
orthogonalization differs on the axis that is central to this work. It leaves the
standard isotropic mechanism untouched and applies only deterministic post-
processing to the already-privatized gradient, recovering directional signal from
its low-rank matriz structure at zero additional privacy cost, with no covariance
estimation and no change to the accounting. Because it targets matrix structure
rather than component-wise magnitudes, it is complementary to the frequency-
domain and temporal methods above (Sec. [4.3)).

Parameter-efficient private fine-tuning. Parameter-efficient methods (e.g., DP-
BiTFiT [5], low-rank reparametrization |37], and LoRA [16}23]) reduce trainable
parameters to lower per-parameter noise. In this regime, all optimizers achieve
similar accuracy, consistent with the finding that low-rank constraints remove the
spectral mismatch that orthogonalization addresses in full-parameter training.

Gradient structure and low-rank methods. Neural network gradients exhibit low-
rank structure [2,[22]: most gradient energy concentrates in a small subspace
whose dimension correlates with task complexity. GaLore [42] projects gradients
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into a low-rank subspace for memory efficiency. Our work differs in applying
spectral processing as a post-processing step on the already-privatized gradient,
preserving the DP guarantee by the post-processing theorem [10].

Spectral methods in optimization. Shampoo [14], SOAP [33], and Muon [18]
exploit spectral structure for preconditioning or orthogonalization in non-private
training. Their interaction with DP noise injection has not been studied; spectral
gradient orthogonalization is investigated here in the DP setting, identifying the
batch-size regime in which it provides a benefit.

3 Method

3.1 Preliminaries

Differential Privacy. A randomized mechanism M satisfies (e, §)-differential pri-
vacy [9] if for all adjacent datasets D, D’ differing in a single record and all
measurable sets S: Pr[M(D) € S| < e Pr[M(D’) € S| + 4.

DP-SGD. Each per-sample gradient g; is clipped to bound its Frobenius norm:
gi = gi-min(1, C/||g:||F), where C is the clipping threshold. The clipped gradients
are averaged and perturbed:

G

| (B
B <Z gi +N(070202I)) ; (1)

=1

where o is the noise multiplier calibrated via Rényi DP accounting |26].

Post-Processing Theorem. Any function of the output of a differentially private
mechanism preserves the same (e,d) guarantee [10]. This is the key property
enabling our approach: all spectral processing is applied after noise addition.

3.2 Spectral Gradient Orthogonalization

For a 2D parameter tensor, the method proceeds as:

Step 0: DP-SGD Gradient. Per-sample gradients are clipped and noised exactly
as in standard DP-SGD (Eq. ),~ producing the privatized gradient G € R™*",
All subsequent steps operate on G and are therefore post-processing.

Step 1: Momentum Accumulation. Following the Muon formulation [18], EMA-
style Nesterov momentum is applied to the privatized gradient G: M, = SM;_,+
(1-— ﬁ)C;’t7 M, = (1- ﬁ)ét + BM;, where § is the momentum coefficient and
M, is the Nesterov lookahead. The (1 — B) scaling produces a weighted average
rather than an accumulation, following the original Muon implementation.
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Step 2: Orthogonalization via Newton-Schulz. The momentum matrix is orthog-
onalized using five iterations of a quintic Newton-Schulz scheme [18]:

Xo = My/||Myllp,  Xpy1 = aXp + bXp X Xi 4 eXp (X X2, (2)

where (a, b, c) = (3.4445, —4.7750,2.0315) are coeflicients optimized for conver-
gence speed. Frobenius-norm initialization ensures all singular values of X are
at most one (since | Xo|l2 < | Xo|lr = 1), which is sufficient for Newton-Schulz
convergence. The output Xx ~ UV ', the closest orthogonal matrix to Mt.
The iterations require only matrix multiplications. The resulting wall-clock and
memory overhead is modest and is measured per configuration in supp material.

Step 3: Dimension Scaling. A correction factor G = \/max(1,m/n) - X ac-
counts for rectangular gradients The parameter update is Wy = Wy — né.
For 1D parameters (biases, layer norms), standard DP-SGD with momentum is
used.

3.3 Magnitude-Preserving Variant and Privacy

Pure orthogonalization discards all singular value information. At higher SNR
the leading singular value carries a meaningful magnitude signal, so a variant
rescales the orthogonal update:

m
Gscaled = Ul(Mt) . rnax(l, E) ' XKa (3)

where M; = BM,_1 + Gy is a heavy-ball momentum buffer (without Nesterov
lookahead), Xk is the Newton-Schulz output applied to M;, and oy (M) is its
spectral norm. Since o1 (M;) is computed from the noisy buffer, it overestimates
the clean magnitude by up to || N||2, a bias that diminishes as the SNR increases.
Both variants apply only deterministic post-processing to the Gaussian mecha-
nism output (Eq. ); by the post-processing theorem, the privacy guarantee is
identical to DP-SGD with no additional cost.

In practice, the magnitude-preserving variant is recommended only at moderate-
to-high SNR, where the spectral-norm estimate oy (M,) is reliable. At low SNR
magnitude bias dominates, and pure orthogonalization is preferable. It is also
not recommended on SVHN where it shows unstable bimodal convergence.

4 Why Orthogonalization Helps at Large Batch Sizes

4.1 Signal-to-Noise Ratio in DP Gradients

The noisy gradient decomposes as G = G + N, where G = % >, Gi is the

2 2 . . . . . ..
“BC; I) is the privacy noise. The noise N is i.i.d.

clipped average and N ~ AN (0,

! We cap scaling factor to 4.0 to prevent instability for highly rectangular matrices.
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Fig. 2: Gradient SNR vs. batch size at ¢ = 4. (a) CIFAR-10 SNR with signal and noise
Frobenius norms; the horizontal dashed line marks SNR = 1, above which orthogonal-
ization recovers useful gradient structure. (b) CIFAR-10 vs. CIFAR-100: the SNR gap
widens with batch size, reaching ~9x at B = 4096.

Gaussian by construction of the Gaussian mechanism [1}/9] and is independent
of the data; clipping affects the signal G' but not the noise distribution. The
per-element noise standard deviation scales as 0C/B: larger batches reduce the
notse magnitude relative to the signal.

The signal G is approximately low-rank, with effective rank [29] erank(G) =
(32, 04(G))?/ Y, 04(G)? < min(m,n). After adding DP noise, the effective rank
increases dramatically (e.g., from ~ 11 to ~ 197 for WRN-16-4 at ¢ = 4), as
noise fills all singular directions.

Tab. [1] and Fig. 2] report measured SNR values across batch sizes for WRN-
16-4 at ¢ = 4. On CIFAR-10, the SNR increases from 0.06 at B = 256 to
1.75 at B = 4096, crossing 1.0 between B = 2048 and B = 4096. On CIFAR-
100, the SNR is substantially lower at every batch size (0.20 vs 1.75 at B =
4096; 0.12 vs 0.68 at B = 2048), because the gradient signal norm decreases
with batch size on this harder task rather than growing as on CIFAR-10. The
Frobenius SNR is a conservative proxy for the spectral recovery condition: since
IN|I7/lIN|l2 &= /min(m,n), a Frobenius SNR of 1 implies 01(G) > ||N||2 by a
factor of y/min(m,n), so the actual recovery threshold is reached at smaller batch
sizes than the SNR = 1 line suggests in Fig. [2l In particular, orthogonalization
can recover the leading singular direction even when the Frobenius SNR is below
1, provided the gradient signal is concentrated in a spiked leading direction whose
magnitude exceeds the noise operator norm ||N||o.

4.2 Spectral Recovery Threshold

The spectral-gap and SNR measurements used in this section (Tab. 1)) are ob-
tained from a separate post-hoc analysis run. They are not released and are not
used during training, hyperparameter selection, or model release. Deployed mod-
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Table 1: Measured gradient SNR (|G| 7 /|| N||r) for WRN-16-4 at ¢ = 4, averaged over
the first epoch. o is the noise multiplier (identical for both datasets at N = 50K). Signal
and noise norms are shown for CIFAR-10. As training progresses, gradient structure
typically becomes more low-rank, which lowers the recovery threshold.

B o |G||F (signal) IN||r (noise) SNR (C-10) SNR (C-100)

256 0.88 0.33 5.71 0.06 0.05
512 1.08 0.34 3.50 0.10 0.07
1024 1.38 0.57 2.23 0.25 0.09
2048 1.83 1.00 1.48 0.68 0.12
4096 2.49 1.76 1.01 1.75 0.20

els are accounted for under standard DP-SGD, with no contribution from these
statistics. The recovery threshold below is therefore an explanatory framework,
not a private estimator for selecting batch size or enabling orthogonalization.

Orthogonalization replaces G with UV T, projecting onto the Stiefel mani-
fold |11]. This transformation preserves directions but normalizes magnitudes.
The effect depends on the SNR:

Low SNR (small batch, small €): The noise dominates. UV T reflects the
singular structure of the noise rather than the signal. Orthogonalization amplifies
noisy directions to unit norm, providing no benefit.

High SNR (large batch, large ¢): The signal’s top singular directions
persist through the noise. By the Wedin sin 6 theorem [35], the angle 6 between
the clean and noisy leading singular vectors satisfies sinf < ||N|2/(01(G) —
02(G)). When the spectral gap exceeds the noise magnitude, orthogonalization
approximately recovers the signal directions.

The observed threshold behavior is conceptually analogous to the phase tran-
sitions studied in spiked matrix models [3], where signal recovery occurs only
when the dominant singular value exceeds the noise operator norm. The Wedin
sin # bound provides a rigorous recovery condition without requiring the distri-
butional assumptions of the spiked model.

Proposition 1 (Recovery condition). Let G = G+ N € R™*" with m < n,
where G has singular values 01(G) > 02(G) > 0 and N has i.i.d. entries with
variance 02C?/B?. By the Wedin sin 6 bound [35], the angle § between the leading
left singular vectors of G and G satisfies:

. V]2
sinf < m. (4)

Since |Nll2 < oC(v/m + +/n)/B with high probability [31], orthogonalization

recovers the signal subspace when:

oC (vVm +/n)
B> 01(G) — 02(G) ®)
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The recovery condition is derived by applying the Wedin sin 6 bound [32,35] to
the scaling laws of the Gaussian mechanism; a step-by-step derivation linking
each bound to its source theorem is provided in the supplementary material,
Section 1. The spectral gap 01(G) — 02(G) is measured at epoch 1, the hardest
regime for recovery since gradient structure becomes more low-rank as training
progresses [22]; the threshold is therefore conservative. Equation yields a
minimum batch size that depends on the noise multiplier o, the clipping thresh-
old C, the layer dimensions m,n, and the spectral gap of the clean gradient.
Datasets with weaker gradient signal (i.e. smaller spectral gap) require propor-
tionally larger batches, consistent with the ~9x SNR gap between CIFAR-10
and CIFAR-100 (Tab. [1I) and the corresponding shift in the crossover batch size
observed in Sec. [5.2] Proposition [I] provides a necessary condition for leading
singular vector recovery; full subspace recovery requires analogous gaps at each
rank, which is verified empirically via the effective rank measurements in Tab. [T}

Numerical validation. Plugging measured spectral gaps from ResNet-18 [15]
(epoch 1, CIFAR-10) into Eq. with the noise multipliers from Tab. [1} 62%
of layers satisfy the recovery condition at B = 256 and 100% by B = 1024. The
network-wide bottleneck is the deepest convolutional layer (512 x 4608, spec-
tral gap Ao = 0.12, v/m + /n = 90), which transitions between B = 512 and
B = 1024. This aligns with the empirical crossover for ResNet-18 in Fig. |§|(b),
where DP-Muon already leads DP-SGD by +5.8% at B = 256 (when most layers
have recovered) and the gap widens steadily with batch size. For the wider WRN-
16-4, increased layer dimensionality raises v/m + y/n and pushes the predicted
B* higher, consistent with the observed crossover at B ~~ 2048.

This aligns with the observed phase transition (Tab. [I): at B < 512 (SNR <
0.1) orthogonalization amplifies noise; at B = 4096 (SNR = 1.75) the signal
dominates and improvements are consistent. DP-SGD stagnates because it uses
the noisy gradient as-is, gaining little from improved directional structure; or-
thogonalization converts that structure into a cleaner update, explaining why
spectral methods scale faster with both B and ¢ (Fig. .

4.3 Comparison with Temporal Filtering

Recent methods such as DOPPLER [41] and DiSK [40] reduce DP noise by
applying temporal filters to the sequence of privatized gradients, also as post-
processing steps incurring no additional privacy cost. The two classes of methods
scale differently with batch size: temporal filtering provides roughly constant
noise reduction determined by the filter coefficient g, largely independent of
batch size. Spectral orthogonalization, by contrast, depends on the per-step SNR
and grows more effective with batch size as the spectral gap exceeds the noise
operator norm (Sec. . At small batch sizes temporal filtering dominates; at
large batch sizes spectral orthogonalization catches up and eventually dominates.
Since the two target different noise structures (temporal averaging vs. spatial
structure), they are complementary and can be combined (Sec. .
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Table 2: Test accuracy (%) on CIFAR-10 at € = 4. Mean =+ std over three seeds. Best
per column in bold.

Method B=256 B=512 B=1024 DB=2048 B=4096

DP-SGD 394+1.2 394£0.7 39.7£26 37.0£2.6 39.3+0.3
DP-Adam 399+29 41.0+1.1 41.8+18 42.0+0.5 388+ 1.7
DP-Muon 39.0+£0.5 40.5+£1.7 43.3£16 473+18 48.7+0.6
DP-Muon-S 38.7+1.0 44.0+1.944.5+2947.8+1.7 46.3+0.8

5 Experiments

5.1 Experimental Setup

Architecture and Datasets. Wide ResNet (WRN-16-4) [39] is used for all from-
scratch experiments. Three datasets are evaluated: CIFAR-10 and CIFAR-100 |21]
(50K training samples each) and SVHN [27] (73K training samples). Per-sample
Frobenius norm clipping with C' = 1.0 and § = 107° is used throughout. The
noise multiplier o is calibrated via Rényi DP accounting [261[36] to achieve the
target €. Training epochs are held fixed across batch sizes; larger batches there-
fore take fewer gradient steps per epoch.

Methods. Eight methods are compared, all sharing the same per-sample clip-
ping and noise addition: (i) DP-SGD (momentum 5=0.9, LR=0.3); (ii) DP-
Adam [20] (81 =0.9, B2 =0.999, LR =0.001); (iii) DP-Muon (UV " orthogo-
nalization, Nesterov 3=0.95, LR =0.02); (iv) DP-Muon-S (o, - UV T, Eq. ,
heavy-ball 5=0.9, LR=0.3); (v) DiSK-SGD [40] (Kalman filter, x = 1.5, on
DP-SGD); (vi) DiSK-Muon (Kalman filter on DP-Muon); (vii) DOPPLER-
SGD [41] (EMA low-pass on DP-SGD); (viii) DOPPLER-Muon (EMA low-
pass on DP-Muon). All methods use cosine learning rate decay with linear
warmup. Results report best test accuracy (%) across epochs, averaged over
three seeds (42, 43, 44) with standard deviation. DP-Muon uses 5 = 0.95 fol-
lowing the original Muon implementation [18]; the orthogonalization step, not
the momentum coefficient, drives the gain, as DP-Muon-S uses identical § = 0.9
heavy-ball momentum to DP-SGD yet achieves comparable improvements.

5.2 Batch Size Sweep

Batch size is varied at a fixed privacy budget of ¢ = 4. Tabs. [2| and |3| report
results on CIFAR-10/100; Fig. [3| visualizes the trends across all three datasets.
CIFAR-10: At B = 256, all methods perform within 1.3% of each other, con-
sistent with the low-SNR regime (SNR = 0.06, Tab. . DP-SGD remains flat
across batch sizes (37.0 to 39.7%), while spectral methods scale upward: DP-
Muon reaches 48.7% at B = 4096 (4+9.4%). DP-Muon-S peaks at B = 2048
(47.8%) and declines at B = 4096, suggesting magnitude preservation is less
beneficial at high SNR. DP-Adam shows no batch-size scaling [6].
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Fig. 3: Test accuracy vs. batch size at € = 4 across three datasets. (a) CIFAR-10: DP-

SGD is flat while spectral methods scale upward (4+9.4% at B = 4096). (b) CIFAR-100:

the crossover shifts to larger batch sizes, consistent with the lower SNR. (¢) SVHN:

DP-SGD degrades with batch size while DP-Muon improves (+14.9% at B = 4096).
Vertical dotted lines mark the approximate SNR ~ 1 threshold. Mean over three seeds.

Table 3: Test accuracy (%) on CIFAR-100 at ¢ = 4 with tuned learning rates (DP-
SGD n=1.0, DP-Adam 1n=0.01, DP-Muon n=0.1, DP-Muon-S n=0.5). Mean + std
over three seeds. Best per column in bold.

Method B=512 B=1024 B=2048 DB=4096 B=8192

DP-SGD 23.5+1.0 26626 29.3+£1.226.8+0.6 21.6+0.9
DP-Adam 25.5+1.327.4+1.8 289+0.7 26.0+0.7 18.6+1.2
DP-Muon 194+1.7 220£1.0 25.8£0.7 25.9+0.5 256.8+0.6
DP-Muon-S 20.9+1.2 248+0.3 26.5£0.7 26.3+09 22.6+1.0

CIFAR-100: The gradient SNR is ~9x lower than on CIFAR-10 (Tab. , SO
Proposition [I] predicts a proportionally larger batch is needed. At B < 1024,
DP-Muon trails DP-SGD by 3 to 5%: in this low-SNR regime, orthogonalization
replaces a noisy but directionally biased gradient with a nearly random orthog-
onal update, which is strictly worse (as formalized by the recovery condition of
Proposition [I)). Direction recovery (Fig.[Ik) exceeds 0.99 only at B = 4096 (vs.
B = 1024 on CIFAR-10), yet the accuracy crossover lags because orthogonaliza-
tion normalizes noise-only directions (the Marchenko—Pastur bulk ) to unit
norm alongside recovered signal directions. With tuned learning rates, DP-SGD
peaks at B = 2048 (29.3%) and declines to 21.6% at B = 8192, while DP-Muon
increases steadily to 25.8%, overtaking by +4.2% at the largest batch size.
SVHN: DP-SGD accuracy decreases monotonically (Fig. [3¢) from 38.6% at B =
256 to 20.3% at B = 4096. DP-Muon increases by 14.9% from 27.8% to 35.2%
at the largest batch size. We omit DP-Muon-S due to bimodal convergence.
Cross-Dataset Summary: The crossover batch size shifts with SNR: B =
1024 on CIFAR-10, B = 4096 to 8192 on CIFAR-100, and B =~ 256 on SVHN,
consistent with Proposition [1] DiSK reports 42.0% on CIFAR-100 (¢ = 8)
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Fig. 4: Test accuracy vs. € at B = 2048 across three datasets. DP-SGD stagnates on

CIFAR-10 and SVHN (shaded bands) while spectral methods scale with the privacy
budget. DP-Muon-S is strongest on CIFAR-100 at all €. Mean over three seeds.

using augmentation multiplicity and WRN-28-10; isolating the interaction with
spectral processing is deferred to future work.

5.3 Privacy Budget Sweep

Figure [4] shows accuracy at B = 2048 across privacy budgets ¢ € {2, 3,4, 6,8}.
DP-Muon accuracy scales steadily with the privacy budget (from 41.2% at e = 2
to 50.8% at ¢ = 8 on CIFAR-10), while DP-SGD remains largely flat (36.7 to
40.0%). On CIFAR-100, DP-Muon-S outperforms DP-SGD at ¢ > 3, with the
advantage growing to +3.0% at € = 8. On SVHN, DP-SGD is flat at ~20%
regardless of &, while DP-Muon improves from 28.6% to 35.3%.

5.4 Comparison with Temporal Denoising

Recent temporal denoising methods, DiSK [40] (Kalman filtering) and DOPPLER
(low-pass filtering), reduce DP noise by filtering the sequence of privatized gradi-

ents across training steps. As discussed in Sec.[£.3] temporal and spectral filtering

target different noise reduction mechanisms and are in principle complementary.
Table [ tests this hypothesis on CIFAR-10 at ¢ = 4; Fig. [f] visualizes the

crossover. At B < 512, temporal filtering dominates: DiSK-SGD reaches 49.0%

at B = 256, outperforming all spectral methods by 9%. At B > 2048, the pattern

reverses: DOPPLER-Muon achieves 50.3% at B = 4096, the highest accuracy in

any configuration. DiSK-SGD declines from 49.0% to 39.9% as fewer steps re-

duce the filter’s averaging window; DiSK-Muon outperforms DiSK-SGD above

B = 512, confirming that spectral processing improves temporal filtering once
SNR is sufficient.

5.5 Fine-Tuning

In the parameter-efficient regime (LoRA, rank 8), all methods achieve 85.6 to
86.8%, a spread of 1.2%, confirming that the spectral benefit is specific to full-
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Fig.5: Temporal vs. spectral denoising on CIFAR-10 at ¢ = 4. Temporal methods
(DiSK-SGD, dashed brown) dominate at small batch sizes but decline as fewer gradient
steps reduce the filter’s averaging window. Spectral methods (DP-Muon, solid green)
improve with batch size as per-step SNR increases. DOPPLER-Muon (dotted pink)
combines both mechanisms and reaches the highest accuracy (50.3%) at B = 4096.
Error bars show £1 std over three seeds.

parameter training. To test whether the benefit extends to full fine-tuning, all
parameters of ViT-Small [8] (pretrained on ImageNet-21k ) are unfrozen and
fine-tuned on CIFAR-100 at € = 4.

DP-Muon matches DP-Adam within 0.4% at both batch sizes, while DP-
SGD collapses from 86.9% to 79.5% at B = 4096. DP-Muon achieves this parity
as a stateless post-processing step with no second-moment buffer, whereas DP-
Adam doubles optimizer memory. That DP-SGD collapses while both remain
stable indicates gradient processing is essential for fine-tuning at scale.

5.6 Architecture Diversity

To verify that the spectral benefit generalizes beyond WRN-16-4, the batch
sweep is repeated on ResNet-18 and WRN-28-10 (CIFAR-10, € = 4).

On ResNet-18, DP-Muon leads from B = 256 (+5.8%), consistent with
Eq. : narrower layers yield smaller \/m + /n, crossing the recovery threshold
earlier. The gap grows to +14.9% at B = 4096. On WRN-28-10, the standard
architecture in the DP optimization literature, the gap is even larger: DP-Muon
reaches 56.2% at B = 2048 (4+17.5%) and 54.9% at B = 4096 (4+20.9% over DP-
SGD). DP-SGD accuracy on WRN-28-10 monotonically decreases from 44.1% at
B =512 to 34.0% at B = 4096, as the spectral mismatch grows with parameter
count. DP-Muon improves through B = 2048, confirming that orthogonalization
is most effective when this mismatch is most severe.
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Table 4: Temporal vs. spectral denoising on CIFAR-10 (¢ = 4). DiSK-SGD applies
the Kalman filter [40] (x = 1.5) to DP-SGD. DOPPLER-Muon combines low-pass
filtering [41] with spectral orthogonalization. Mean =+ std over three seeds.

Denoising Method B=256 B=512 B=1024 B=2048 B=4096
None DP-SGD 394412 39.4+£0.7 39.7+26 37.0+£2.6 39.3£0.3
Temporal DiSK-SGD 49.0+2.847.8+1.0 46.7+1.3 43.5+2.0 39.9+0.6
Temporal DOPPLER-SGD 37.7+2.0 39.3+0.9 39.3+2.0 34.2+18 323+1.1
Spectral DP-Muon 39.0+0.5 40.5+1.7 43.3+1.6 473+ 1.8 48.7+£0.6
Both DiSK-Muon 41.7+2.7 470+1.0 48.8+£1.0 47.6+£0.8 45.8 +1.2

Both DOPPLER-Muon 40.1 £ 1.6 42.6 £0.9 44.9+£2.0 49.0+ 0.5 50.3 +1.0

Table 5: Two-point settings, best per column in bold. (Left) Full fine-tuning of ViT-
Small on CIFAR-100 (¢=4), mean =+ std over three seeds. (Right) From-scratch NF-
ResNet-50 on ImageNet-1k (B=32,768, 120 epochs, K =4, three seeds).

Method LR B=2048 B=4096 Method e=4 e=8

DP-SGD 0.01 86.94+1.1 79.5+3.4 DP-SGD 18.47 24.60
DP-Adam 0.0003 89.4 0.3 89.7 +£ 0.1 DP-AdamW [24] 10.37 18.64
DP-Muon 0.002 89.1 +£0.2 89.34+0.3 DP-Muon 20.97 27.32

5.7 Beyond CIFAR Resolution

Figure @(a) repeats the batch sweep on Tiny-ImageNet (64 x 64, 200 classes, 100K
images, WRN-16-4, ¢ = 4). DP-SGD degrades from 21.1% to 17.3% while spec-
tral methods improve (DP-Muon-S: 21.3% at B = 4096, +4.0%), with crossover
between B = 1024 and 2048, consistent with Proposition [1} Table [5| extends
the from-scratch evaluation to full ImageNet-1k scale (224 x 224, 1000 classes)
with NF-ResNet-50, under an identical protocol for all optimizers. DP-Muon
improves over DP-SGD by +2.50% at € = 4 and +2.72% at € = 8, with seven-
and three-fold lower across-seed variance. The spectral-recovery benefit therefore
holds at standard scale, in the standalone setting without temporal denoising.

6 Conclusion

An SNR-governed phase transition determines the utility of spectral gradient
processing in differentially private training. The recovery condition derived from
the Wedin bound (Proposition(1]) provides a predictive threshold for singular vec-
tor recovery from isotropic noise, validated quantitatively against per-layer spec-
tral measurements. Below this threshold, orthogonalization is harmful. Above it,
the benefit is consistent and grows with batch size, privacy budget, and model ca-
pacity. Empirical results across four architectures (WRN-16-4, ResNet-18, WRN-
28-10, ViT-Small) and three resolutions confirm that while DP-SGD stagnates or
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Fig. 6: Batch-size sweeps as smooth curves. (a) Tiny-ImageNet (WRN-16-4, e=4).
(b) Architecture sweep on CIFAR-10 (¢=4); ResNet-18 (solid), WRN-28-10 (dashed).
Markers are measured points; curves are monotone cubic (PCHIP) interpolation.

degrades at scale, spectral orthogonalization enables continued scaling, achieving
+20.9% over DP-SGD on WRN-28-10 (B = 4096) and +14.9% on ResNet-18.
Complementarity with temporal filtering yields 50.3% on CIFAR-10 (¢ = 4), the
highest accuracy in any tested configuration.

Limitations and future work. DP-Muon-S exhibits bimodal convergence on
SVHN due to noise-dominated o, fluctuations (Sec. . Layer-wise selective or-
thogonalization and optimal singular value shrinkage [13| are natural extensions.
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